July 15, 1948

Dear Dr. Dantzlg,

I am very glad to lsarn that you are looking carefully into the pro-
cedure outlined in my paper on "A Numerical Method, etec."” and I am much
obliged for your sending me your comments. -

Pleese forgive me now for writing to you more briefly than I would like
to, and in & hurry. I an leaving tomorrow for the West, and you will
imagine what pressure this produces. As you will ses at the end of ny
letter, I am leaving two of your gquestions unanswered for this reason -
I would have to go to some length to answer them adequately. I hope
that we will be able to discuss these matters more fully when we meet
in Yadison on September Sth. I will, however, make another effort to
get the time when I will have come to a relative state of equilibrium
in a few weeks {in Los Alamos) and wrile to you again, :

I will, therefors, only commént briefly on your remarks. Iy comments are
as follows:

- Poge 85 ~ line 16 and last line: I wanted to refer here %o {sotnote 2,
but 1t mignt be good vo reler to footnote § as well.

Fage 3 - last lines I don't quite understand, Your formula and mine seem
© De Jdertical, except for a brackel. Do you suggest that Lhal bracket
is needed? .

Page 5: You are rights (1) and (i1) are not exclusive of each other, but
they are exclusive of (iii). I think that my text is in conformity with
this, but it might be better to state this (that is, the possibility of (1)
and (i11) both being true at the same time) explicitly as you suggest.

Page 16 - line 2; I think that the formula is correct as it stands. The

TIght Tand side has § , the two terms on the left hand side should have the
equivalents of § after the insertion of the extra step. These are § and
$/,not §’ and § . The latter are the equivelents of 5 .

Page 17 - section 14: I had a procedure to show that one loses nothing by
us%ng a geometrical series at this point, I think, and I could probably re-
construet it, Do you want me to? 1 think, however, that 1t may be better
to do this orally, perbaps when we meel in Madison,

Direct connection between your problem and the jame ~ minimax problem:

I will try to write out a complete practlcal procedure in full detail, I
hope that I can do this within a few weeks -~ at any rate before we meet in
Madison. -
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DEPARTMENT OF THE AIR FORCE

HEADQUARTERS UNITED STATES AIR FORCE
WASHINGTON
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20 June 1948

Professor A. W, Tucker
Department of Mathematics
Fine Hall

Princeton, New Jersey

Dear Professor Tucker:

The purpose of this letter is to suggest a problem that you
might work on this summer in connection with our project that will
be very valuable to us,

Professor John von Neumann has recently proposed a procedure in
his paper " A Numerical Method for Determination of the Value and the
Best Strategies of a 0-Sum, 2-Person Game with Large Numbers of
Strategies"®, This procedure can be used to solve our problem of the
maximization of a linear function of non negative variatles subject
to linear restrictions, Our primary concern, however, is in th ap-
plication of the method to a "dynamic economy" == see page I-9 from=-
ula (15) of my paper on Programming in a Linear Structure. You will
note that the fundamental matrix in this case is composed of zero
elements except for blocks of sub matrices along the diagonal and
just off the diagonal., Now it is important in any application that
advantage of these zeros be taken,, In general the number of mule
tiplications is of the order K.M.N (where K may range from 2 to
as high as log N), M 2 no, of columns, N = no, of rows, If t = no,
of time periods, M ® tM', N ® tN' where M' and N' are the number of
activities and equipment items in & time period, the number of
multiplications becomes K.M' N'2,43 , Indications are that mg
technigue in the Linear Structure paper can be reduced from t~ to
t2; while Professor von Neumann's proposed "convex-body" method
by good luck can be reduced from t° to t.




What we would like is a well defined computatiomal procedure
that would be directly applicable to a small scale dynamic model,
Would you like to work on this?

Yours sincerely

GEORGE B. DANTZIG

P.5. Coples of von Neumann's paper probably can be obtained from
his office without trouble as it is mimeographed. I will be in
California during July, Please correspond with Emil D, Schell who
is guiding the mathematical work during my absence.
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VON NEUHANN

Dr. Ceorge B. Dantgig
USAF = Comptroller
- 1434y

Pentagon Building
Washington 25, D. C.




June 4, 1548

Dear Dr. Dantsig,

I have just received your letter concerning the “convex-body method® in
determining optimum strategies. I would be very glad if you would go
ahead and try that method on a largish practical case. I need not tell
you that I am also quite anxious to know how it works in real life.

1 suppose that you have received the mimeographed copy of "A Numerical !
Method for Determmination of the Value and the Best Strategies of a O-Sum,
2-Person Game with Large Numbers of Strategies," which I sent you a few
days ago. The numerical method described there is actually a "construc-
tivigation"” of the convex-body method, with a few additional viewpoints
worked in: It is arranged in such a manner that the "alternative" which
occurs in the book of Morgenstern and myself no longer appears explicitly.
In connection with this, I have twisted the method around in such a manner
that it assumes the shape of a double induction which gives the result

to eny desired degree of precision. I would be very much interested to
have your comments and criticisms on the contents of that paper, and I
would be very glad if you could take the time to look it over. You may
find that the method described there is workable in the actual numerical
experiment that you want to perform. :

I am looking forward to learn your reactions about this matter. I am

also very glad to learn that you will be able to attend the Iowa meeting,
which promises to be interesting.

.Sincerely yours,

JOHN VON NEUWANN

JUN:LD

Dr. George B. Dantzig
USAF Comptroller
Pentagon Bullding
Washington 25, D, C,
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DEPARTMENT OF THE AIR FORCE

HEADQUARTERS UNITED STATES AIR FORCE
WASHINGTON

2¢ April 1948

Prof. von Neumann
The Institute for Advanced Study
Princeton, New Jersey

Dear Prof von Neumann:

At out last meeting you asked if I could supply you with the
number of steps and the time required to solve the minimum cost diet

problem by out present procedure.

You will recall that 77 foods and $ nutrient elements were in-
volved in this problem. The number of operations by type are as

follows:
Type of Operations No. of repetitions
Multiplication 15,315
Division 1,234
Addition of two numbers 14,561
Addition of 77 numbers 190
Addition of 9 numbers 85

To perform these computations with desk machines required 5 computers
for 21 days, with 4 hours per day supervision by a mathematician.

The computational work was performed at the New York Mathematical
Tables Project under the supervision of Jack laderman.

We are presently trying the test problem on IBM equipment in our
own machine installation, and I shall let you know how the timing
compares with a hand job.

Sincerely,

e /@%?L /5’.19@3'

George B, Dantzig
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28 April 1948

Prof. von Neumann
The Institute for Advanced Study
Princeton, New Jersey

Dear Prof von Neumaans

At out last meeting you asked if I could supply you with the
number of steps and the time required to solve tho minimum cost diet
problem by out present procedure.

You will recall that 77 foods and 9 nutrient elements were in-
volved in this probleme. The number of operations by type are as
follows:

TE of Operations No, of x_‘g%&ttg
tiplication 15,3

Division 1,234
Addition of two numbers 14,561
Addition of 77 numbers 1%0
Addition of 9 numbers 85

To perform these computations with desk machines required 5 computers
for 21 days, with 4 hours per day supervision by a mathematician.

The computational work was performed at the New York Mathematical
Tables Project under the supervision of Jack lLaderman.

We are presently trying the test problem on IBN equipment in our
own machine installation, and 1 shall let you know how the timing

compares with a hand job.
Sincerely,
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Office of Air Comptroller, AFAPA,

USAF - Pentagon Building,
Washington 25, D, C,
13 November 1947

Professor J, Von Neumann
Institute of Advanced Study
Princeton, N, J,

Dear Professor Von Neumann:

Inclosed is a copy of a procedure for obtaining a maximizing
solution, Since it represents our best efforts to date, it may be
of interest to you to know how far we have gotten,

There is a possibility that Colonel Prescott M, Spicer, Chief
of the Program Analysis Division may also attend, He, like Marshall
K. Wood, whom I spoke to you about on the telephone has been
instrumental in setting up the Air Force Project., Both are kmealy
interested in your analysis of the prcblem even though they don't
. expect to follow any technical discussion, If Colonel Spicer does
attend, we will fly up and land at a nearby field,

Sincerely yours,

iy 6 bty

%

1 Inel, GEORGE B.\DANTZIG
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Let S be a finite set of points in Zuclidesn n-Space (R‘), ~ the coordinates
of a voint beins given by (xl, Rpseo X, 1% 2). Let G e a fixed line parallel
to the # axis, 1.e., the line ¢ 1s defined by (=, = 81s Xo=8psee Xy =8y 1) The
projection varallel to the = axis of the voints of set 5 on to the vlane z—=o,
will be denoted by the set §'; the 1ime G under this nrojection besonses a fized
point on the nlane 3 -0, vhich we will denote by the same letter @.

The general problem is to assign to eaech neint of 3 = non-negative weight,
such that (1) the center of gravity, g, of the system of welghted voints lies
on the line G and (2) the 2 coordinate of ¢ is maxisum. A set of weights
satisfying (1) will be referred to as a feasible solution. If 1t satisfies (2)
it will be called & maximun feasible solution.

The set of all possidle centers of gravity @ generated by assisning arditrary
non-negative weights to polnts‘of § forms a convex set of voints bounded b a
generalized polyhedral surface. The line @, 1f 1t cuts the convex at all, cuts
it in two points eorresvonding to the minlmum and the maxiwwm solutions, Denote
by @ the latter voint, 1.e., the roint of the convex with maximum z eoordinate on
the 1ine @. There exists n~ points, Py, on the polyhedral surface of S and a
non-negative weighting of these n- points, such that the center of gravity of the
n=- point is Q. Oonsidering now the set S as a vhole, if R 1= assigned these
weights and all other neints are given the welght sero, them § will be also center
of gravity of the whole system and these walghts will constitute the maximwum
solution, This solution in general is unigue, Tt is the pixvose of this report




to give a construetive procedure for obtaining the Py or showing that no feaeidle
solution exists. The following two problems acabrdingly will be considered:
EROBLEM 1:

From the set of points 3', obtained from the projection of § snd line ¢
on the vlane z=0, construct an n-l dimensional simplex comtaining the point
e as an interior point.
PROBLEM 11

Assuning the existence in R, of at least one n-l dimemsional =implex determined
by a~ points P,, (l‘cl). such that the line G intersects the hyper-plane defined
by the vertiees of the siuplex in an imterior point of the simplex, Q, eonstruct
a similar simplex such that th & maximum g coordinate.

In this section the space under consideration is the R,y Svace, z=o. Select
arbitrarily n-l points Py, (Pc8'). Let @, be any fixed point in the plane of
these voints and interior to the (n-2) dim. simplex formed by these poiamts, i.e.,

e N 1 L AR !‘_1.
vhere a > 0.%q=1.
Let S) be the subsat of pojats of ' on the same side of the plame determined

b Py, Fgoe.-Py 3. 88 the point 6, 1.e., all volnts Pcs8' such that
'b [’. ’1.0-0’ d /= h?[‘. h.o.c’”Q.

vhere e.g.
o - Il{1) '{u-t)
E- ’1....’»3—; 33 léi; 8%::; .
- ‘ 2=l *pel el
> 3 1

wvhere the solumns, except for the last row, are the coordinates in .I-l Snace




of the corresvonding points. In the event that 8}_1. empty, no feasible solution

exists, for, in this case, the center of gravity of the set of points §', vhatever
be thelr weighting, would have to 1ie on the side of the plane opnosite 8 (or at
best on the plane itself) contradicting the possibility of the point @ becoming the
genter of gravity of g'.
. s; is not empty, let P be any voint in s, Form the n-l dim, siaplex
(e, Pis PB""’»I)' The line 6,6 plerces two faces of this simplex in two points
Gy and G1(P), where
6 (P)=)\ 6,110, ( \ 4 =1). :

For all FcS,, A >0. If.2(<1, then G,(P) lles betveen G, and 6. If<(>1,

then G 1lies Detween 6, and GI(P). Since <« depend= on the seleetion of P, let <( be

naximam for P—-P, and let
6y =08(p,) X

If_<>1 for P,, then the voints (P,, P,, ’2""’&-1) form the desired simnlex.
If, on the other hamd, 4<1, tinn revlace the n-l pointes Py Poyee «P..l by the
vertices of that face of the simplex containing By - Denote by (?(}:, PL;\... .!L:)_l) the
‘n-l vertices of this face.

Reveat the sbove procedurs with the new points By, Pos...Pe.y, using o, as
‘mev interior point, and obtaln a new maximum ., If 41, then the process will
stop at this stage. If not, the vprocess will continue through a finite number of

steps, each gemerating points G; with the order arrangement Ggs Oy,02,...04, O on
d X

the line (G,0). The last G, =nd the poiats P, ’(;""’1-1 containing G have the

property that either there exist no points of ' on the same side of the plane of

these points as @ or elese 4> 1. In the former case, no feansible solution exists;

P k) (k) (k)
L

otherwise, /-1, and the polnts v Py WPy aeePg form the desired nhplol:




(k) {k
Qkf—b‘ip}_ + BgF )..

(k)

hn=a4G" 1 P2

{k)
"”bn-lrn-l .
(k) _{x)
“*YCa-l “n-lv

(bi =z O,Zb‘ 7-1).
€y = O.Zi’;l).

vhere it heas bDeen arbitrarily assumed without less of generality that G0

(k) (x) _(k) (k)
pierces the face opposite to the vertex P; °, namely the face (P, ', Pp ,...Py3).

Prn/a>1. it follows
whence substituting the values of Gk and ﬂhl given above, it is essily observed

that 6 may be expresced in the form

(k) (k) (k)
G:EOP. +'1‘P1 ooy 1Pply o

md easlly verified that 2,>0 mnd > E,~1.

Ia thie section the svace under consideration is R, Smmce. let ?{’.‘)rén....r:n

be & feasidle solution ia B, ie., 1f q; is the intersection of the plane
(?{1)....??)) with the line G, then %:i‘x’il) where ;1;0.2%:-1. {2 method
of obtalning such & set of polnts by srojecting voints of S on the plane z—o, ¢
provided by Problem I). Let 5, be the set of pointe “above® this plame, i.e.,
points of § with e greater thar the value thet vould be obtained by
substituting the first n coordimates (xl....x‘) of a point of § in the equation

of the plame. If 5, ie not empty, let P be muy point of 5, snd let G cut the faces
of the simplex (P,Py,...P,) in the two points 0, snd Q,(P). Consider the set of

" points Qu(P). Determine P such that Gp=0n(P) hae max = coordinate, and let

.(?{2). r;a)...'.?:”) be the vertices of that face of the simplex-containing Qg 88

‘ {2 2 e
interior point. Repeat adove process with "1 ). P; )....Pia)) in place of

(P{l). ’;1)0' -~’:1))|

fora nov the plane of these new points, snd consider the set
Sp of pointe "above® this nlsme. The process will terminate at this stage if L

is empty. 1f mot, farm S,, S, ste., the process tersinating when an 5 1s obtained
4

*Based on suggestions by Professor T. Koopmans, University of Chicage.




vhich i¢ empty. In thic manner a Gy is obtained vith maxissm 2 coordinste. The

progess is finite becamse Qux G, ,(.¥)) 1.e., the 2 coordinate of Y forme o

. (%) (k) (k)
monotonienlly increasing sequence of values. lLet Py o Py eelly " be vertices

of fage containing Qe o

The desired maximum feasible solution is obtained, of course, by assigming

(k) pik) n(k)

non-negative weishts $o0 the gset of voints (» °, oo Py )} sueh that U

becomes thelr center of gravity snd giving gzero welsght to all ether voints in 3.




3 Deftpber 1947

MEMORANDUM FOR LIBUTERANT GENERAL 2, ¥, RAWLINGS:

SUBJROT; Conference on the AF Fleectronie Program Cosmputer with
Professor J, Von Ffeumann at the Institute of Advanced Study,
Princeton, 1 October 1947,

1., In a meeting srrenged by the Bureau of Stendards, the fellowing
prodblem was diseussed with Frofessor Vom Newmanng :

"ihat computational precedures should be wsed in the
deternination of the best cholece of AF sctivities, o.g. one
vhich will either {a) maximisze potential combat effort under
s fixed buwdget or (b) minimize the budget under fixed objeetives, ®

2, Profesrsor Von Feumann indicated that this problem was typleal
of a large group of problems of considerable difficulsy and general

mathematical interest. e expressed o desire to give the prodlem

cerions thonght for twe or three weeks, after which he will contact
the Netiomal Buresu of Standards and arreage fwiher discussion of

procedures to be used,

&, Frofessor Yon Neumann is one of, if not the, leading U, 8,
mathenaticiens in this type of work and i feel we are exceptionally
fortunate te de able to interest him im our problem,

ce; “Professor J. Von Newsans
Johr Curtis

:




NS4 F- Comptistle,
Wasd 25, 8.c,

&em /447 Von 7&44/.,4%‘
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