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Abstract

Narrowing the gap between theory and practice is a longstanding
goal of the algorithm analysis community. To further progress our
understanding of how algorithms work in practice, we propose a
new algorithm analysis framework that we call by-the-book anal-
ysis. In contrast to earlier frameworks, by-the-book analysis not
only models an algorithm’s input data, but also the algorithm it-
self. Results from by-the-book analysis are meant to correspond
well with established knowledge of an algorithm’s practical be-
havior, as they are meant to be grounded in observations from
implementations, input modeling best practices, and measurements
on practical benchmark instances. We apply our framework to the
simplex method, an algorithm which is beloved for its excellent
performance in practice and notorious for its high running time
under worst-case analysis. The simplex method similarly show-
cased the previous state of the art framework smoothed analysis
(Spielman and Teng, STOC’01). We explain how our framework
overcomes several weaknesses of smoothed analysis and we prove
that under input scaling assumptions, feasibility tolerances and
other design principles used by simplex method implementations,
the simplex method indeed attains a polynomial running time. Our
results provide analytical justification for these features which are
common to all high-quality simplex method implementations.
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1 Introduction

There is a longstanding need for frameworks explaining the per-
formance of algorithms whose users—whether they are engineers,
operations researchers or mathematicians—know that they perform
very well for their applications, but for which traditional worst-case
analysis is too pessimistic. The simplex method for linear program-
ming problems is an example of such an algorithm: it was a driving
force in the development of electronic computers [67] as it was
observed to perform efficiently; requiring a linear number of pivot
steps in practice [5, 26, 35, 66, 75, 81]. A long line of research at-
tempts to explain this behavior theoretically by a suitable algorithm
analysis framework. The project of explaining the performance of
the simplex method is not only interesting from a mathematical
point of view, but also for practical users who are constantly facing
new areas of application for linear programs which they might fear
to lead to a substantially worse performance.

The simplex algorithm serves well as a showcase for the de-
velopments in the algorithm analysis community. Following the
traditional line of algorithm analysis research, in 1972, the first
exponential worst-case analysis lower bounds were shown for the
number of pivot steps the simplex method may take with cer-
tain pivot rules, and many analogous results followed [3, 6, 11—
13,30, 31, 38, 39, 45, 46, 50, 56, 57, 61, 68, 73]. This discovery opened
up the search for algorithm analysis frameworks which could more
properly capture the behavior of the simplex algorithm and algo-
rithms which showed a similar behavior.

For algorithms like these, average-case analysis is the theoreti-
cian’s first attempt to provide a better understanding of the running
time. In the case of the simplex method, this framework of analysis
saw much activity during the 1970s and 1980s, and as a result, we
know tight polynomial upper and lower bounds in the average case
setting [1, 2, 16-19, 19, 20, 48, 69, 85]. However, linear programs
seen in the average case setting greatly differ on a structural level
from linear programs seen in practice. As such, average case analy-
sis offered an incomplete explanation. Despite the development of
algorithms for linear programming which run in polynomial time
under a worst-case analysis, the simplex method is still an essential
part of all linear programming software. As such, there remains a
need to understand its performance in practice.
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In their seminal work [82], Spielman and Teng proposed the
smoothed analysis framework as an explanation as to “why the
simplex method usually takes polynomial time" Their framework
was subsequently applied to many more algorithms (see [78] for an
overview). In Section 1.1, we review smoothed analysis of the sim-
plex method. In Section 1.2, we discuss limitations of the smoothed
analysis framework and argue why smoothed analysis is an in-
complete explanation of the simplex method’s efficient practical
performance. In Section 1.3, we describe our new algorithm analysis
framework and how our framework is overcoming these limitations.

1.1 Smoothed Analysis and the Simplex Method

We first recall the basic principles of the simplex method. The
simplex method is best thought of as a class of algorithms. A simplex
method first determines a basic feasible solution using a Phase I
procedure and then iteratively moves to new basic feasible solutions
until an optimal solution has been found. The individual moves are
called pivot steps, and the number of pivot steps is a proxy for the
running time. The choice for which basic feasible solution to move
to is governed by a pivot rule. Some popular examples of pivot rules
are the most negative reduced cost rule [27], the steepest edge rule
and its approximations [37, 44, 51], and the shadow vertex rule, also
known as the parametric rule [18, 40]. It is this last pivot rule that
is the foundational tool for most probabilistic analyses, including
all results in smoothed analysis.

In the smoothed analysis of linear programming, we assume that
an adversary specifies an LP

maximize c¢'x
subject to Ax < b,

and that subsequently a perturbation A € R™*d | € R" is sampled.
We assume that the entries of (A, b) are independently sampled
from the Gaussian distribution with mean 0 and standard deviation
o > 0, and we assume that the rows of the extended matrix (A, E)
each have Euclidean norm at most 1. Under these assumptions,
smoothed analysis aims to develop simplex methods for solving

maximize c¢'x
subjectto (A+A)x <b+b,

for which the expected running time can be bounded by a polyno-
mial function in ¢~1, d and n. After a line of work [24, 29, 55, 79, 82,
87], Bach and Huiberts [7] found a simplex method that requires
no more than

0(071/2d11/4 log(n)7/4)
pivot steps. They also described a lower bound which applies to all
pivot rules, stating that

Q(o~ 124 2 1n(1/0)"11%)

pivot steps are necessary when n = (4/0)“.
Despite these upper and lower bounds agreeing on the exponent

of g~ 1/2

, smoothed analysis can hardly be said to be a complete
explanation of the simplex method’s running time. The LPs in
smoothed analysis are unlike LPs in practice in a number of impor-
tant ways, of which we describe three in the next section. These
three differences undermine the three leading interpretations given

for the smoothed analysis of the simplex method.
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1.2 Limitations of Smoothed Analysis

First, most linear programs seen in practice are very sparse; less
than 0.1% of their entries are non-zero (see, e.g., [43, 49, 67]). The
same holds true for known worst-case inputs. This stands in stark
contrast with smoothed analysis, where 100% of the entries are
non-zero since they are randomly perturbed according to a contin-
uous probability distribution. As such, in any smoothed probability
model, the set of sparse linear programs has measure 0. Since both
practical linear programs and theoretical worst-case inputs are
sparse, it remains unclear whether smoothed analysis provides a
viable synthetic model for describing the “brittleness” of worst-case
inputs and whether smoothed analysis indeed helps to explain why
the simplex method is usually fast on inputs observed in practice.
In their foundational work introducing smoothed analysis [82],
Spielman and Teng highlighted the lack of sparsity as a weakness
of their model and stated finding some analysis accounting for
sparsity as a future direction.

Second, when LP constraint data is noisy or is rounded to low
precision, this affects LP solver behavior negatively. For example, a
nominally singular set of constraints might become a basis (poten-
tially an ill-conditioned one) due to improper rounding, and this can
lead to performance degradation. For this reason it is recommended
to specify all constraints with maximum numerical precision (see,
e.g., Gurobi’s Guidelines for Numerical Issues [47]). In contrast,
smoothed analysis produces stronger performance guarantees if
more noise is added to the constraint matrix, thereby seemingly
predicting that lower numerical accuracy results in performance
improvement. Due to this disagreement between practical advice
and theoretical prediction, we argue that smoothed analysis is not
appropriate for accurately modeling the effects of round-off error
or floating-point imprecision.

Third, a small perturbation to the constraint matrix can lead
to a large change in the feasible region. This fact has long been
observed on practical LPs in the robust optimization literature
(see, e.g., [9]). We must assume that even these LPs which are
sensitive to small perturbations were formulated appropriately by
the modeler. We interpret this to imply that the constraint data
is highly accurate, in the sense that the constraint matrix entries
cannot be independently perturbed by as little as m. In this
manner, we argue that smoothed analysis is not an appropriate
model for measurement error or other forms of limited precision
input.

The variable nature of o leaves smoothed analysis agnostic as to
what it models. Although different interpretations have been given
in the literature, they largely fall within one of three categories:
smoothed analysis models the “brittleness” or “isolation” of worst-
case instances, smoothed analysis models the effects of numerical
imprecision in floating-point arithmetic, or smoothed analysis mod-
els the effects of measurement error or other arbitrary influences.
As we have seen above, each of these three interpretations has
notable weaknesses.

1.3 Introducing By-The-Book Analysis

In this paper we propose a new algorithm analysis framework that
we call by-the-book analysis. Unlike smoothed analysis, by-the-
book analysis is explicitly empirical by being intentional about
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what effect it models. As part of this, we open up the possibility of
modeling not only the input data but also aspects of an algorithm’s
implementation. It is well-known that theoretical descriptions of
algorithms differ from their software implementations. These dif-
ferences are often thought to be incidental and to be theoretically
uninteresting, even though they have repeatedly proven to be ben-
eficial in practice. We posit that these differences, if they are found
in state of the art implementations, can be essential to a full theo-
retical understanding. In doing so, we answer the call of [52] for
an algorithmic theory capturing “the all-important tricks that are
engineered into commercial codes”.

With by-the-book analysis, we strive to prove performance guar-
antees while using assumptions that are maximally grounded in
computational experience. For this reason, our research process
has occurred in three phases as depicted in Figure 1. We will first
describe what we propose as the general framework of by-the-book
analysis, and then we will exemplify this framework by outlin-
ing the specifics of our own by-the-book analysis of the simplex
method.

|\ - - - - - - - - - -~ r——------=-=- =
! User Manuals :\‘ 1 . Interviews J:
e Observations AURIEREERE
' Source Codes 7 [ ' Data Sets |
,,,,,,,,,,,, | U |
Assumptions
Proof
Evaluate

Figure 1: Schematic depiction of by-the-book analysis

In general, by-the-book analysis proceeds in three phases. In the
first phase, one establishes an understanding of true and relevant
features of real-world implementations of an algorithm and fea-
tures of real-world inputs. This process can involve reading of the
scientific literature, open-source code, user manuals, etc. in order to
establish how the algorithm is implemented in practice, how users
of the algorithm are instructed to formulate their inputs, and what
features are common among real problem instances.

The second phase is a more subjective process which converts
parts of this understanding to a mathematical model of the algo-
rithm on which some form of traditional theoretical analysis can be
performed. Based on the observations made in the first phase, one
chooses an algorithm description and a collection of assumptions
satisfied by the algorithm and/or its inputs. The chosen algorithm
description may deviate from traditional theoretical descriptions of
the algorithm if that deviation is warranted by observations. One
might assume, for example, that certain relevant parameters of the
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input are bounded. Although one must inevitably make assump-
tions that make the upcoming mathematical analysis tractable, one
should, to the greatest extent possible, choose a mathematical model
and mathematical assumptions that comport with the observations
made in the first phase. This is what gives a by-the-book analysis
its empirical basis.

The third phase is a traditional mathematical analysis of the cho-
sen model under the chosen assumptions. In this phase, by-the-book
analysis is agnostic to the mathematical techniques used provided
that any further assumptions inherent to those techniques are like-
wise grounded (to the greatest extent possible) in the observations
of the first phase. For example, in this phase the mathematical
analysis could resemble a worst-case, average-case, smoothed anal-
ysis, etc. Ultimately, what makes something a by-the-book analysis
is not the choice of mathematical tools used, but that the model,
assumptions, and tools are grounded in observation.

Note that the order of the phases is important. In particular,
the determination of mathematical assumptions occurs before the
production of theoretical running time bounds. It is contrary to by-
the-book analysis to produce a theoretical bound parameterizing by
whichever parameters turn out to be mathematically fruitful and
to only then search for explanations as to why these parameters
may be bounded in practice. By basing the theoretical approach on
observations, we argue that this methodology is better positioned
to produce accurate explanations. This is the ultimate objective
of performing a by-the-book analysis. In this spirit, we emphasize
again that what makes something a by-the-book analysis is not
which type of mathematical tools or proof techniques are used, but
whether or not the research methodology follows the general frame-
work outlined above. To call something a by-the-book analysis (or
not) is not a mathematical distinction, but a methodological one; it
is not a question of what mathematical assumptions are made, but
of how they are produced in the first place.

We will now briefly outline how we applied the above procedure
to the simplex method in the present analysis. In the initial phase
we studied the scientific literature, source-code, and user manuals of
simplex implementations, and we interviewed developers working
on multiple different LP software packages. A primary role in this
phase was played by the titular textbooks [67, 74] which describe
how to implement a simplex method. After observing the prominent
role that numerical tolerances are given in both books (on which
we will elaborate later), we verified their importance by way of
inspecting both the source code of open-source LP solvers and
the user manuals of closed-source LP solvers. Because the simplex
method is a popular and well-documented algorithm, we were able
to draw on a diverse array of sources and identify points of broad
agreement. The outcomes of this phase are described in detail in
Section 2.

In the second phase, we balanced verisimilitude with our ob-
servations against the tractability of the upcoming mathematical
analysis. We aimed for a traditional, theoretical performance guar-
antee which, when all parameters are filled in with plausible values,
gives the strongest possible conclusion in terms of how well this
bound is reflecting an algorithm’s behavior in practice (subject, of
course, to adherence to our observations in the first phase). For
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this analysis, we chose a model of the simplex method that per-
turbs the right-hand side vector with random exponentially dis-
tributed noise (whose magnitude is grounded in our observations)
and which solves the input LP up to optimality and feasibility toler-
ances (whose magnitudes are grounded in our observations) using
the shadow vertex pivot rule with an auxiliary objective function
chosen uniformly at random. To maintain mathematical tractability,
we assumed the algorithm to be implemented using exact real val-
ued arithmetic and Dantzig’s ratio test, as well as the shadow vertex
pivot rule. Relevant instance-specific parameters are assumed to be
bounded in magnitude (again, grounded in observation). Detailed
descriptions can be found in the full version of this paper.

In the third and final phase, we used our mathematical assump-
tions on the data and the algorithm to prove running time bounds
using a mathematical analysis similar to those found in smoothed
analysis, using the randomness in our perturbations and our auxil-
iary objective function. During this phase of the work, we realized
that using the mean width (a type of mixed volume of a convex body,
see, e.g., [80]) of the feasible set would refine our argument. This
became our mathematical assumption standing in for the scaling
of the LP, replacing an earlier assumption of bounded Euclidean
diameter of the feasible set. We believe refining and revising the
set of assumptions can be a natural part of the by-the-book process,
especially when the resulting assumptions are easier to measure
or observe. For that reason, we went back to the first phase: we
performed measurements on the MIPLIB 2017 data set [43] to find
typical values for the mean width. The mean width is easily ap-
proximated up to high accuracy due to Milman’s concentration of
measure phenomenon (see, e.g., [8]).

As is evident from the specificity of some choices detailed above,
different by-the-book analyses for the same algorithm are possible.
They can vary in how the algorithm and the data are modeled, i.e.,
which assumptions and parameters are chosen, and they can vary
in the types of mathematical techniques used to prove running time
bounds. We can distinguish at least two paths for improvements on
a particular by-the-book analysis. The first occurs in the third phase
and is one that we are used to in theoretical computer science: for
the same set of mathematical assumptions, stronger mathematical
analysis techniques can be developed, leading to stronger theorems.
The second is to formulate different mathematical assumptions to
model the same or different observations performed in the first
phase.

One is unlikely to produce a singular, holistic explanation for the
performance of an algorithm, parameterizing by all possible factors
and perfectly distilling the impact of these parameters into a bound.
Theoretical analysis requires simplified models on which theoretical
analyses can be performed. The goal is not to produce a perfect
model of reality, but instead to produce a mathematical model which
is better informed by, and more reflective of, what we can observe.
As such, a by-the-book analysis can be improved in the first phase
by doing more or better observations, and second phases by better
modelling. Some axes on which such improvement can be evaluated
include, but are not limited to, evaluability and verisimilitude. It
is preferable to express bounds in terms of parameters which can
be effectively observed. It is also preferable to use mathematical
assumptions which more closely resemble computational practice,
such as to have a theoretical description of an algorithm which

Eleon Bach, Alexander E. Black, Sophie Huiberts, and Sean Kafer

comports with the way in which that algorithm is implemented in
code.

To exemplify this last point, we wield it against our present
analysis in Section 5. We evaluate how well the chosen model, as-
sumptions, and mathematical techniques comport with our obser-
vations, and evaluate how well our research process adhered to the
framework of by-the-book analysis. For the sake of good scientific
practice, such a final evaluation phase is crucial. We recommend
the evaluation process to be not only conducted as an isolated final
last step. Instead, we recommend to evaluate the observations and
decisions made as a steady part of the process throughout the first
three phases.

1.4 Observations of Practical LP

Having described the framework of by-the-book analysis in gen-
eral, we can now present a by-the-book analysis of the simplex
method. We begin here with an overview of our findings about
the properties held by LP in practice. As described in Section 1.3,
these findings will inform our mathematical assumptions. As noted
already, two main contributing factors to our findings are the soft-
ware implementations of the simplex method and the observed
characteristics of (well-formulated) inputs. A given problem can
be modeled in various ways, and a given LP has a wide array of
equivalent formulations. When LPs are solved in practice, they are
typically modeled by domain experts who are constructing their
formulations according to best practice recommendations explicitly
detailed in software user manuals.

We review a number of software packages and describe our ob-
servations. For the open-source solvers Glop and HiGHS, we report
our observations from reading their respective source codes. For
the closed-source solvers Gurobi and MOSEK, we read their user
manuals in detail and spoke extensively with developers. We ran an
experiment on the MIPLIB 2017 benchmark set to support our as-
sumption that feasible sets of practical LPs have small mean width.
The features of solvers and data described here are mostly limited
to those which are directly relevant to our models of scaling, toler-
ances, and bound/cost perturbations. We first describe the general
principles of what we observe, and in Section 2 we describe what
observations we have with regard to specific software packages.
There are many other features we do not remark upon, although
we believe that some can be potentially of interest to theoretical
computer scientists and may lead to improved by-the-book analyses
of the simplex method.

Condition number. In an IEEE 754 double precision floating point
number, there is 1 bit for the sign, 11 bits for the exponent, and
53 bits for the significand (of which 52 are explicitly stored). This
means that any such number can have a relative precision of at
most 273 ~ 10716, Any arithmetic performed with numbers whose
relative magnitudes differ by many orders of magnitude will yield
imprecise results. This effect is particularly visible when solving a
system of linear equations. Here, the backward error up to which it
can be solved increases when the linear system has a high condition
number. The condition number x of a matrix A is defined as k :=
IA]l|A~Y||. The relation to the backward error is the following.
When solving the linear system Ax = b, a condition number k = 10%
indicates that one may loose up to k digits of accuracy in x from
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the accuracy in b. Typically, in linear programming software, the
condition number of linear systems is assumed to be no greater
than 1010, see Section 2.

Tolerances. With 53 bits of accuracy and a condition number of
order 101°, solving a linear system Apx = bp can be done up to
backward error around 10~°. That is, the software is able to find %
such that ||A§1bB —%|| < 107°- ||A§1bB ||. Because of this inevitable
inaccuracy, every LP solver based on floating-point arithmetic in-
cludes a number of different tolerances and thresholds. Here we
discuss only the user-facing absolute feasibility tolerances. There
are two of these, a primal feasibility tolerance and a dual feasibility
tolerance, also called the optimality tolerance. These two numbers,
both commonly of order 107°, indicate how large the violations
of primal or dual constraints are allowed to be for the solver to
still report a solution as being ‘feasible and optimal’. In contrast
to the relative error described in the preceding paragraph, solver
tolerances are absolute.

In this work we model the primal feasibility and complementary
slackness conditions as follows. For more information on the deduc-
tion of this statement of complementary slackness, see Section 3.
There, we solve linear programs of the form

maximize c¢'x

subjectto Ax <b
0<x<u,

where we assume that every row of A has norm 1. The solver may
return (as optimal and feasible up to tolerances) any primal-dual
solution pair x* € R%,y* € RZ , which satisfies primal feasibility
up to primal feasibility tolerance feasTol > 0 and complementary
slackness up to dual feasibility tolerance optTol > 0. Formally, they
satisfy

Ax" < b + feasTol - 1, (1)
—feasTol - 15 < x* < u +feasTol - 14,
and
if y; > 0 then (Ax™); > b; for all i € [n], (2)
if¢; > (ATy"); + optTol then x; > uj forall j € [d],
if¢; < (ATy*); — optTol then x}f < 0forall j € [d].

In our analysis we will take y* > 0, but solvers may assume a
bit more flexibility and take y* > —optTol.

Scaling. A well-formed LP should be scaled appropriately: the
input data, the output solution, and intermediate values should be
not too large and not too small. This is important to the functioning
of real-world software.

The primary way in which this scaling requirement has been
explained is through the effects of floating-point arithmetic. A
poorly scaled matrix is likely to have a high condition number. The
numerical concerns described above are an important reason for
why proper scaling of the input is explicitly recommended.

The tolerances provide a second important anchor point for
scaling. When some of the optimal values are small relative to the
tolerances, this can negatively affect the quality of the solution for
its intended purpose. When some of the solution values are too
large relative to the tolerance, the solver may be unable to satisfy
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all feasibility and optimality conditions within the small (absolute)
tolerance.

It is best practice to choose the measurement units for the rows
and columns such that the non-zero values of variables across basic
feasible solutions lie in some common, limited range of magnitudes.
This practice speaks directly to the geometry of the feasible set.
Most LP solvers also include automatic scaling algorithms in case
the user’s scaling is deemed insufficient.

Overall, the role of scaling for the performance of the simplex
method is poorly understood [67, p. 110].

Perturbations. When feasibility tolerances are permitted, solvers
can be made faster by intentionally changing the right-hand side
b, bounds 0, u, or the objective c. A number of mechanisms make
use of this allowance. We focus on one specific such mechanism,
which is random perturbation before starting the simplex method.
Generally these perturbations are done in such a manner as to
make the feasible region larger. The perturbations are of a similar
order of magnitude to the feasibility tolerance. The primary use
of a priori perturbation in practice is in perturbing the objective
vector ¢ before starting the dual simplex method. During both the
primal and dual simplex method, more perturbations and shifts
can be performed at later iterations if needed. One consequence of
bound perturbations is that degeneracy is avoided and consequently
the simplex method cannot cycle. We furthermore analyze their
implications on the running time of the simplex method.

As noted by [53, p. 61], perturbations are ubiquitous among LP
solvers but “despite its wide application, the discussion of why per-
turbation works is relatively rare" He highlights that in the survey
by Bixby [10] it is noted that more “aggressive” perturbations are
experimentally viewed as more effective and that, in personal com-
munication, it became clear there was no theoretical understanding
as to why. Our results provide the first theoretical explanation of
this phenomenon.

1.5 Related Work

The simplex method has been studied in the worst case complexity
framework under various additional assumptions. One line of work
has assumed that the constraint matrix A € Z"*? is integer and has
every square submatrix have a determinant which is bounded from
above in absolute value. Under this assumption, upper bounds on
the running time of the simplex method have been proven [15, 21, 23,
32, 33]. The semi-random shadow vertex pivot rule of [23] strongly
informed our own. Approximating the maximum subdeterminant
is known to be NP-hard [83]. Similar results are available for a
closely related condition measure, the circuit imbalance [34]. A
study estimating the circuit imbalance on the instances in MIPLIB
2017 [63] found it to require much higher numerical precision than
is available with IEEE 754 double precision floating point arithmetic.

A parallel line of work investigates the worst-case performance
of the simplex method when the slack values and reduced costs are
bounded away from zero [59, 60, 84]. These papers extend an earlier
result about the policy iteration algorithm for Markov Decision
Processes with bounded discount rate [88], and are similar to a
calculation done by Dantzig [28]. The condition number underlying
this line of work is NP-hard to compute as shown in [65]. The same
paper also estimated this condition number on the LP instances
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in the NETLIB test problem set [41], though the measurement
approach they used severely limits what conclusions can be drawn
based on these estimates. The use of maximal and minimal non-
zero slacks was a direct inspiration for our analysis, although we
have the minimal non-zero slack be probabilistically bounded using
perturbations instead of deterministically by assuming structure in
the input data.

In our by-the-book analysis, we use a simplex method with
bound perturbations to obtain provable running time guarantees.
Bound perturbations are often incorporated in codes with the stated
purpose of preventing issues of degeneracy and stalling [62, 67].
Other methods to prevent stalling are possible, including the use of
expanding tolerances or minimum step sizes [42]. In a theoretical
regime where bounds may not be changed, other approaches are
available [14, 64, 72].

A technique akin to, but developed independently of, bound per-
turbations was previously used in [58] to find a weakly polynomial-
time algorithm for linear programming. Although aspects of what
they do are similar to what we do here, their arguments adapted
to our setting would produce exponentially worse running time
dependencies on the parameters we consider.

2 Observations

In the following we discuss our findings in the several open source
codes and user manuals. The order of the solvers is alphabetical.

Glop. As part of Google’s software suite OR-Tools [77], Glop is
an open-source LP solver.

For any finite values in the input LP, Glop by default! allows
numbers with absolute values as low as 1073 and as high as 103°.
However, in order to increase sparsity, by default any floating-point
numbers with absolute value below 1071% are set to zero?.

Glop has configurable primal and dual feasibility tolerances,
which have a value of 107 by default®. In the dual simplex method,
Glop can perturb costs before starting. When this is done, the default
perturbation on the i’th element of the cost vector c is given by*

ri- (1079¢; + 1077 |c]loo),

where r; is sampled uniformly from the interval [1, 2]. This cost
perturbation is turned off by default’.

Gurobi. The Gurobi user manual recommends that any right-
hand side coefficients are scaled such that their absolute value is 104
or less [47, Section 7.3.4]. The same recommendation is given with
regards to the objective coefficients and variable bounds. Similarly,
they recommend that every LP has an optimal value less than 10%.
The latest version of Gurobi includes 3 different automatic scaling
modes but the documentation does not specify what algorithms are
used or when they are used.

In Gurobi, any constraint coefficient whose absolute value is
smaller than 10713 is treated as zero [47, Section 7.3.6]. The user
manual recommends that the user scales the input problem such

Uhttps://github.com/google/or-tools/blob/9b770/ortools/glop/parameters.proto#L481
Zhttps://github.com/google/or-tools/blob/9b770/ortools/glop/parameters.proto#L183
3https://github.com/google/or-tools/blob/9b770/ortools/glop/parameters.proto#L.251
“https://github.com/google/or-tools/blob/9b770/ortools/glop/reduced_costs.cc#L255
Shttps://github.com/google/or-tools/blob/9b770/ortools/glop/parameters.proto#L415
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that all non-zero matrix coefficients have their absolute value be-
tween 1073 and 10°, and that they span no more than 6 orders of
magnitude. The default big-M value (essentially, the finite num-
ber that stands in for ‘infinity’ in ILP formulations) is 10°, further
indicating that coefficients larger than this are undesirable. The
primal feasibility tolerance defaults to 107 but is configurable to
any value between 1072 and 10™7. The same holds for the opti-
mality tolerance. The primal tolerance is described as follows [47,
Section 7.3]: “a - x < b will be considered to hold if (a * x) — b <
FeasibilityTol.” Here, ‘-’ is the exact inner product, whereas ‘+’ is
the computed product (subject to errors).

The Gurobi user manual further indicates that a condition num-
ber of 102 for a basic submatrix is considered large [47, Section 7.4].
The Gurobi solver warns the user of large bounds when a variable
has a bound with absolute value that is 10'° or larger. It warns the
user of large objective coefficients when there is a coefficient with
absolute value 10'° or larger.

Conversation with the developers of Gurobi confirmed that per-
turbations are actively used in all their simplex codes. Initial per-
turbations have magnitude proportional to the feasibility tolerance.

HiGHS. In the open-source MIP solver HiGHS [54], the simplex
method incorporates two scaling methods, one using equilibration
and one based on maximum value®. This automatic scaling is not
performed for the interior-point method. Notably, if all non-zero
elements of the constraint matrix are between 0.2 and 5.0 then no
automatic scaling will take place’.

HiGHS has configurable parameters for the smallest non-zero
and largest finite entries that may be present in the constraint ma-
trix®. By default, any matrix entry whose absolute value is smaller
than 107 is treated as 0, and any matrix entry whose absolute
value is larger than 10° is treated as infinity.

There are configurable primal and dual feasibility tolerances
which equal 107 by default and which can be tuned to be as low
as 10710, In the primal simplex method, when a bound is found
to be infeasible, it is shifted to make it feasible by at least the
feasibility tolerance, plus a uniformly random quantity between
0 and the feasibility tolerance’. In the dual simplex method, the
solver perturbs the cost vector already during initialization!. These
perturbations are uniformly distributed in an interval.

The PhD thesis of Qi Huangfu [53] documents the development
of the HiGHS simplex method solver. In his work, he suggests that
feasibility and optimality tolerances are typically on the order of
1076 or 10~7. For HiGHS he describes'! an explicit choice of value
for cost perturbation of

(107°|c;| + 1077 |lc]loo + 10 - optTol) (r + 1),

Chttps://ergo-code.github.io/HiGHS/dev/options/definitions/#simplex_scale_
strategy

7https://github.com/ERGO-Code/HiGHS/blob/c67£06df422ce 1£aff4089033513874b8/
src/lp_data/HighsLpUtils.cpp#L861
8https:/ergo-code.github.io/HiGHS/dev/options/definitions/#small_matrix_value
*https://github.com/ERGO- Code/HiGHS/blob/c67f06df422ce1faff4089033513874b8/
highs/simplex/HEkkPrimal.cpp#L2793
Ohttps://github.com/ERGO-Code/HiGHS/blob/c67f06df422ce 1faff4089033513874b8/
highs/simplex/HEkkDual.cpp#L126

HSee also https://github.com/ERGO- Code/HiGHS/blob/c67f06df422ce 1faff4089/highs/
simplex/HEkk.cpp#L.2488
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where optTol > 0 is the dual feasibility tolerance and r is a uni-
formly random number in (0, 1]. In particular, in his work, the cost
perturbation is the sum of a term proportionate to the objective
and an absolute perturbation. We model these terms as being the
same by assuming our LP is sufficiently well-scaled.

MOSEK. The MOSEK instruction manual [71] mentions that
problems containing large or small coefficients, outside the range
[10_7, 109], are often hard to solve!2. Although it includes a method
to automatically scale variables, no specifics are reported about how
this scaling is performed or under what circumstances. The solver
will print an error!3 to warn the user if any matrix element is larger
than 1010, if a cost entry is larger than 108 or if a bound is larger
than 108. If an upper and a lower bound for a variable differ by
less than 108, then MOSEK will consider the two numbers to be
equal'®.

The absolute tolerance!® for the primal and dual infeasibility
both default to 1076, A technical report [4] mentions that, when
troubleshooting infeasible problems, the most important constraints
are those whose relative values in the Farkas certificate are at least
1078,

The MOSEK Modeling Cookbook [70, Section 7.3] considers “a
model to be badly scaled if variables are measured in very different
scales, or constraints or bounds are measured on very different
scales”. In practice, it is standard to see violations of inequality
constraints of order 1078,

Interviews with the developers of MOSEK confirm that pertur-
bations are actively used in all their simplex codes, and that adding
larger perturbations are an effective tool when the simplex method
stalls. Initial perturbations have magnitude proportional to the
feasibility tolerance.

MIPLIB 2017. Our main technical result Theorem 3 is stated in
terms of the mean width of the feasible set of the linear program
(after bounds are perturbed). The mean width of a polyhedron P is
defined as the expected value of

max 0" (x - x’)
subject to x,x” € P,

where 6 € S97 1 is uniformly random distributed on the unit sphere.

In order to get an indication of what the mean width of practical
linear programs is, we performed an experiment using the MIPLIB
2017 benchmark set [43]. The experiment is rudimentary in design,
foregoing any considerations of automatic scaling or presolve.

For every instance, we performed 100 trials as follows. We sam-
pled an objective vector z with entries sampled independently at
random from a Gaussian distribution with mean 0 and standard
deviation 1. Taking the LP relaxation provided by Gurobi 13.0.1,
we maximized and minimized the objective z" x. The difference
between the values was divided by ||z|| to obtain the width in di-
rection ”ZT” Besides neos-5114902-kasavu, every individual min-

imization and maximization completed within the deterministic

2https://docs.mosek.com/latest/pythonapi/presolverhtml#index-5
Bhttps://docs.mosek.com/latest/pythonapi/parameters html#mosek.dparam.data_
tol_aij_large
https://docs.mosek.com/latest/pythonapi/parameters.html#mosek.dparam.data_
tol_x

Bhttps://docs.mosek.com/latest/pythonapi/parameters.html#mosek.dparam
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work limit of 300. Due to Milman’s concentration of measure phe-
nomenon, we can expect to get accurate estimates using a small
number of samples z.

Any instance finding an unbounded or infeasible status code
(INFEASIBLE, INF_OR_UNBD or UNBOUNDED) was dropped. This left
186 instances for which mean widths were estimated. All sample
means obtained were between 10~ and 10°, with 46 instances
having sample means in [107!,10'], 65 having sample means in
[10%,10%], 54 in [10%,10%], 10 in [10%, 10°] and the remaining two
instances with sample means between 10° and 10°. The code for
this experiment can be found at https://github.com/sophiehuiberts/
miplib-meanwidth, and was run on an Intel i5-14600KF CPU.

Not all MIPLIB instances are properly scaled by the model formu-
lators. Nevertheless, we see that many instances have sample mean
widths that are small. We take these results as preliminary evidence
that the mean width of the feasible set is bounded from above
for well-scaled linear programs. More work is needed to verify
whether indeed the better scaled instances tend to have lower mean
widths, and how mean widths are affected by automatic scaling
and presolve reductions.

3 A Simplex Method with Bound Perturbations

Our analysis makes use of a particular simplex method called the
shadow vertex simplex method originally introduced by Gass and
Saaty in [40] in the context of parametric linear programming. A
textbook introduction that proves the standard properties we rely
on may be found in [25].

We assume that we are given a linear program of the form

maximize ¢' x (input-LP)
subject to Ax < b

0<x<u

with A € R"™*4_ We assume that every row of A has Euclidean norm
1. Any LP can easily be transformed to this format. We will solve
this LP up to tolerances feasTol > 0 and optTol > 0.

To start, we perturb our bound vectors 0, u and the right-hand
side vector b. The perturbation distribution is defined as follows:

DEFINITION 1. Let 1,y € Rsg, and let v € R¥. Then define for
eachi € [k],
L p—le=vi-ynl/
() = — i=yyl/n.
A= 5o
Define a random vector ¥ to be (v, 11, y) -exponentially distributed if its

entries V; are independently distributed with each entry’s probability
density function given by f;.

We sample the bounds and right-hand sides (—6, u, b) € R+2d
to be ((0, u,b), %, 2In(n + 2d))-exponentially distributed.
Strong tail bounds will ensure that these perturbed bounds are

suitable:

LEMMA 2. Letn,y € R, and let v € RX. Let v be a v,n,y)-
exponentially distributed random vector. Then

Pr [‘71- € [vi,vi+2yn] forallie [k]] >1-ke™.


https://docs.mosek.com/latest/pythonapi/presolver.html#index-5
https://docs.mosek.com/latest/pythonapi/parameters.html#mosek.dparam.data_tol_aij_large
https://docs.mosek.com/latest/pythonapi/parameters.html#mosek.dparam.data_tol_aij_large
https://docs.mosek.com/latest/pythonapi/parameters.html#mosek.dparam.data_tol_x
https://docs.mosek.com/latest/pythonapi/parameters.html#mosek.dparam.data_tol_x
https://docs.mosek.com/latest/pythonapi/parameters.html#mosek.dparam
https://github.com/sophiehuiberts/miplib-meanwidth
https://github.com/sophiehuiberts/miplib-meanwidth
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It directly follows from Lemma 2 that with probability greater
than 1 — m we have

—feasTol-1; < 0 < 0 (3)
u <1 < u+feasTol - 14
b <b <b+feasTol - 1,.

In order to ensure that the above inequalities are guaranteed to
hold for our algorithm’s output, we reject any vector (0, 4, b) which
violates these conditions and run the entire algorithm anew. This

rejection sampling increases the expected running time by a factor

n+2d 2
n+2d-1 — °°
We will use a simplex method to approximately maximize the

perturbed linear program

maximize ¢ x (perturbed-LP)

subject to Ax < b

0<x<u

We do this by following a sequence of simplex paths using the
shadow vertex pivot rule. For every path, there is one fixed objective
unit vector, either ¢ or an auxiliary objective vector, and one random
objective vector z € R? with probability density function x

exp(=|Ix[).

THEOREM 3. Assumee > 0. Let A € R"™4 ¢ € §971 [eth € R"
be (b, n,y)-exponentially distributed, let z € RY have probability
density function x — exp(—||x||). If the perturbed LP

max{c' x : Ax < f)}

has expected mean width M and maximum absolute objective value
N, then the shadow path from a vertex maximizing z to a vertex
maximizing ¢ + €z has expected length at most

old“> In(n+d) M111(M) .
\Jn n-e

Choosing n = feasTol/4In(n + 2d) and ¢ = optTol/dk, where x
is an upper bound on the maximum condition number of any basis,
we obtain the running time of Phase II of our simplex method.

For Phase I of the simplex method we use the semi-random
shadow vertex rule and the sequential algorithm described in
[22]. Here, the inequality constraints Ax < b are added to the LP
one by one. This Phase I approach loses a factor n in the running
time, yielding a total running time of

o) nd1~51n(n+d)\/ M (

feasTol n

dkN In(n)
feasTol - optTol

pivot steps.
After approximately maximizing the perturbed Phase II LP, the
resulting basis will be output. This basis will satisfy (1) and (2).

4 Proof Overview

The proof of our main technical result Theorem 3 proceeds in
three phases. First, we describe the effect of the right-hand side
perturbations. We show that, conditional on a basis being feasible,
the corresponding basic solution will have all its non-zero slack
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values on the inequalities be large. Specifically, the smallest non-
zero slack will be at least m with probability at least 0.9.
As in the previous paragraph, 7 is a measure of the magnitude of
the perturbations. The lower bound on the slacks is derived using a
Chernoff bound. This argument is derived from a similar one used
in smoothed analyses of the simplex method [7, 55].

Second, we show a dual analog to the above, based on the shadow
vertex simplex path from a random auxiliary objective z to a largely
fixed objective e~ !c + z. We show that, conditional on a basis lying
on this shadow path, with probability at least 0.9 there exists an
intermediate objective tc+z with ¢ € [0, 71] for which this basis is
optimized and for which the reduced costs on the tight constraints
are large. Note that the existence of t € [0, e~!] for which the basis
is optimal for tc + z is guaranteed by virtue of being on the shadow
path. The novelty is that we can guarantee a choice of t yielding
large reduced costs on tight constraints. In order to simplify this part
of the analysis (found in the full version of this paper), we assume
that the random objective z is sampled from an L-log-Lipschitz
probability distribution. This will not affect the final conclusion.

Finally, we show our upper bound on the length of the semi-
random shadow vertex path. Taking everything together, we show
that a large fraction of the feasible bases on this path must have both
(in the above explained senses) large non-zero slacks and admit
an intermediate objective for which all d reduced costs are large.
Afterwards, we argue that whenever two subsequent bases on this
path both have both properties, then the pivot step leading from the
first to the second of them must make large progress. This progress
is measured through four different potential functions. Two of
these potential functions measure the progress of the intermediate
objective vector tc + z on the line segment from z to e~ !¢ + z. The
third and fourth potentials encode progress in the objective value
and auxiliary objective value respectively. A majority of pivot steps
will consume a certain amount of at least one of these four potential
functions. The total amount of potential available is bounded, which
leads to our upper bound on the expected number of pivot steps.

5 Discussion

In this section we evaluate how well the present analysis comports
with further observation and how well our overall methodological
structure ultimately comported with the general by-the-book anal-
ysis framework. Of course, in any mathematical analysis compro-
mises are inevitable in order to accommodate the analyst’s ability
to produce proofs. Since the impetus for performing a by-the-book
analysis (and for the by-the-book analysis framework itself) is to
produce theoretical results which have greater capacity to explain
what is observed in practice, we propose that it is essential to a
by-the-book analysis to evaluate how successful the analysis was
in comporting with its observations. This is in part to provide a
realistic assessment of the explanatory power of our results, but
for this work, in which we propose the by-the-book analysis frame-
work, it is also to differentiate the strengths and weaknesses of the
by-the-book framework as a general algorithm anylysis framework
from the strengths and weaknesses of the particular by-the-book
analysis we performed.
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5.1 Input Assumptions

Our bound is written as polynomial in:
d,n,n, M,In(N), In(x), optTol, and feasTol.

The standard input size measures for any linear program are d and
n, the number of variables and number of inequalities respectively.
For weakly polynomial run-time bounds, In(x) and In(N) are also
standard to include as part of the measure of the input-size as they
are bounded by the bit-complexity of the linear program. The re-
maining parameters 7, optTol, and feasTol are all directly related to
our modeling assumptions. We contend that, as supported by our
research and computational experiments, it is reasonable to assume
the chosen bounds on these numbers in a real-world computational
setting. Likewise, our assumption that the rows of the input con-
straint matrix have 1-norm equal to 1 is reasonable and unobtrusive.
This is due to the fact that common LPs are hyper sparse, often
containing only a constant number of non-zero elements in every
inequality constraint. The mean width M was already discussed in
detail in Section 2.

5.2 Model Assumptions

Our analysis has strong requirements on the pivot rule and ratio
test, needing variants that are considered inefficient in practice and
needing both to be performed exactly, without any loss of numerical
precision.

We require that bounds are perturbed once and never shifted
again. In particular, this requires a numerically exact implementa-
tion of Dantzig’s ratio test, ruling out the possibility of using Harris’
ratio test. Since any state of the art implementation of the simplex
method benefits from Harris’ ratio test [67, p. 179], this is a notable
limitation of the current analysis. We use a priori perturbations
of the bounds and right-hand side. In our observations, we found
that HiGHS does a priori perturbations not in the primal simplex
method, but only to the cost vector in the dual simplex method. A
more realistic model of the simplex method would allow for pivot
steps which are slightly infeasible, and would allow to add and
subtract perturbations throughout the running time.

When perturbing, our analysis requires a particular choice of
probability density function for the individual perturbations. This
is different from current implementations, which sample uniformly
from an interval. We do not currently know how our probability
distribution compares to the uniform distribution in practice. As
such, we can not evaluate whether this is an unrealistic modeling
choice or a possible improvement over the state-of-the-art.

For the pivot rule, we require that the semi-random shadow
vertex path is followed. For our analysis, the randomness in the
perturbations and pivot rule should furthermore be independent
of each other and of the input data. This rules out a wide range of
sophisticated pricing strategies, including steepest edge pivoting,
partial pricing and multiple pricing (see [74, p. 112-114] and [67,
p- 186-188]), as well as specific pivoting rules used in Phase I of
the simplex method [74, p. 116-117]. In the dual, it rules out the
bound-flipping ratio test.

The shadow vertex rule has been criticized for the difficulty of
following it with appropriate pivot tolerances in a numerical setting
[74, p130]. As such, it does not see much use.
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There are many other techniques in active use among high-
quality simplex implementations that we did not bring into consid-
eration for this paper.

5.3 Methodology

Although we broadly succeeded in following the proposed method-
ology of by-the-book analysis, we did lightly deviate from this
structure during the third phase. We originally planned to let an as-
sumption of bounded geometric diameter act as a model and proxy
for the input being well-scaled. It was only after beginning math-
ematical analysis in the third phase that we discovered the mean
width may be a better parameter for this purpose. In one sense
this is in conflict with the principle that our assumptions should
be informed solely by a priori observations, and not retroactively
informed by the proofs.

On the other hand, we believe that it is natural and even in-
evitable to discover over the course of the analysis that early choices
of assumptions for modeling one’s observations can be improved
by better ones. In this case, we did not so much introduce a new
assumption as refine the parameter we were using to model an
existing assumption (in this case, the assumption that our LP was
well-scaled in some concrete way). Moreover, in the spirit of by-the-
book analysis, we were only content to allow our bounds to depend
on M provided we could verify that it is bounded in practice, and
indeed it is actually a strength of our shift from geometric diameter
to mean width that the mean width is more easily measured (or
rather, accurately estimated) than the geometric diameter. However,
it does remain to be seen whether the simplex method’s perfor-
mance truly has a meaningful dependence on mean width; as we
note in Section 6, this requires further investigation.

5.4 Outcomes

Although our results are a significant step forward in the study of
the simplex method, they do not constitute a complete quantita-
tive explanation of its real-world performance. We can evaluate
the analysis and the theorem statement both quantitatively and
qualitatively.

Scaling with problem size. Our bound contains a large constant
factor dependence, much bigger than the scaling with problem size
observed in practice. In the course of this work, only limited effort
was expended to reduce this constant factor.

Our running time bound scales faster with the problem size d
than the linear growth observed in practice. At the moment of
writing it is unclear which losses happen due to inefficiencies in
the proof, and which happen due to insufficient accounting of the
geometry of the feasible set.

Size of perturbations. Larger and more aggressive perturbations
are known to improve performance [10]. A common technique in
solvers, used when the simplex method stalls with repeated zero-
length pivot steps, is to add increasingly large perturbations until
stalling resolves. Although these perturbations do help the simplex
method make progress, it comes at a cost: the perturbations must
later be removed in order to return a solution that is feasible up to
the desired tolerance.
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The running time bounds in our theorems contain a one-over-
square-root dependence on the feasibility tolerance. Interpreted
naively, this would suggest that changing the feasibility tolerance by
afactor 100 would change the running time by as much as a factor 10.
The observed effect of changing the tolerances or perturbation sizes
is not nearly this large. The likely source of this disparity is that, in
our analysis, step length is governed only by the perturbations: we
did not use the geometry of the feasible set.

In order to improve the running time bounds, and have a bound
which does not scale as strongly with the tolerance, taking into
account this geometry is necessary. Otherwise, a running time
dependence of \/M/n is tight, matching a lower bound construc-
tion up to polynomial factors in d and poly-logarithmic factors in
M/n. This lower bound is obtained by taking n = (c/r])d/2 con-
straints, for some absolute constant ¢ > 1, and having the feasible
set approximate a Euclidean unit ball.

Length and curvature. In our mathematical analysis, we prove
that vertices visited by the semi-random shadow vertex method
tend to take up space in the primal, by having at least one long
shadow edge incident, or take up space in the dual, by creating
curvature of the shadow polygon. Without randomizing the shadow
plane with respect to the data, the theory would not predict this
effect to happen.

This prediction aligns with findings from Fischer. In his Diplo-
marbeit [36], he used the shadow vertex method to draw projec-
tions of the Netlib LP problems. On the horizontal axis he plot-
ted the value of the objective ¢” x. For the vertical axis he either
used fixed objectives xp, x1, or alTx, or random objectives z
z € [-1,1]¢ uniformly random. Four consecutive shadow paths
were followed ¢ —» z — —¢ — —z — c to find the complete
shadow image. In cases where the shadow is unbounded, only the
vertices are drawn. Upon request, we obtained the images from G.
M. Ziegler.

For the instance scagr25, Fischer drew two plots: one with a de-
terministic shadow (xo, ¢ x) and one with a semi-random shadow
(z7x,cTx). These can be seen in Figure 2 which depict the two
projections. For the semi-random shadow in Figure 2 (b), we see a
strong correspondence: when a given part of the boundary with
constant length has more vertices (and thus, shorter edges), then it
is more curved. For the deterministic shadow in Figure 2 (a), we do
not see the same correspondence. At least on the qualitative level,
Fischer’s plots agree with the prediction from our analysis.

x with

6 Conclusion

In this paper we introduced the framework of by-the-book analysis
and used it to study the performance of the simplex method. We
have presented a running time analysis for a simplex method with
bound perturbations, obtaining an upper bound on the expected
running time of

M dkN1
0| nd"5 In(n +d) In [ _dxN In(n)
feasTol feasTol - optTol

pivot steps required to maximize the largely fixed objective ¢ +
6,0 € S971, with bound perturbations of order 5. Although this
work is predominantly dedicated to introducing and performing

Eleon Bach, Alexander E. Black, Sophie Huiberts, and Sean Kafer

50
"scagr25.pr.out” —o—

45

404

35+

304

25+

204

e o o

=
0 P - "
1.56+07-1.40+07-1.36+07 1 20+07-1.10407 16507 -9e+06 -8e+06 70406 -66+06 -50+06 -d4e+06

(a) xo for vertical axis
120000

scagr2s o—

100000+

80000

60000

40000+

20000

-2

0000
1.56407-1.40+07-1.36+07-1.26407-1.16407 16407 -9e+06 -Be+06 -7e+06 -6e+06 -5e:06 -de+06

(b) Random objective for vertical axis

Figure 2: Two-dimensional projections of scagr25, LP objec-
tive for horizontal axis [36].

a by-the-book analysis of the simplex method, we note that this
bound on the expected running time holds for arbitrary inputs and
is mathematically sound even outside of the context of by-the-book
analysis. We highlight the two most significant improvements over
earlier work.

First, from a purely theoretical lens, our analysis works for sparse
constraint data, in contrast to smoothed and average-case analy-
sis. Since all practical LPs are sparse (see, e.g., [74, p. 64] and [67,
p- 50]), this is an important feature. Second, due to the fact that
we followed the by-the-book framework proposed herein, the as-
sumptions we make are grounded in observations from simplex
method implementations, LP modeling best practices, and mea-
surements from practical benchmark instances. Our running time
primarily depends on the LP being well scaled and the simplex
method featuring bound perturbations. Both of these properties
are essential to any large-scale LP solvers [67, p. 110, 241]. In this
manner, the results of this by-the-book analysis correspond well
with established knowledge on the simplex method as it is used in
practice. This is an advantage of our above bound, even when it
is interpreted purely as a highly parameterized theoretical result;
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the parameters themselves were chosen not out of mathematical
convenience but due to the fact that our research and experiments
indicate that these parameters are bounded in practice, and may
indeed play a genuine role in its behavior.

The exact role of scaling for linear programs has previously
not been well understood, but is known to reduce the number of
pivot steps [67, p. 110-111] [76, p. 98]. There is no broad agreement
on how to define when an LP is well scaled [86]. We take our
theorems and experiments to indicate that the mean width of the
feasible set is bounded for “well-scaled” instances. A more in-depth
investigation is in order to substantiate or refute that belief. Are
the instances with small mean width indeed the ones that would be
subjectively judged as well-scaled? Are instances with large mean
width typically harder to solve for a simplex method? These are
only some of the questions that need to be answered in order to
confidently speak about whether small mean width is indeed a
desirable property of linear programs.

Despite the limitations highlighted in Section 5, we believe that
the present work is a significant step forward towards a theoretical
understanding of the simplex method’s real-world performance.
Moreover, we expect our proposed framework of by-the-book analy-
sis to be applicable to many more algorithms. Any algorithm could
be the subject of a by-the-book analysis, provided that there is
enough computational experience and/or high-quality open-source
code available. A by-the-book analysis may be especially desirable
in situations where existing theoretical results struggle to match
the known practical efficiency of an algorithm or require unrealistic
assumptions.
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