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Cycling Examples for the Shadow Vertex Algorithm

Karl Heinz Borgwardt, Gabriele Joas

Abstract

We are primarily interested in the average number of pivot steps, the shadow vertex algo-
rithm takes to solve linear programs. Therefore we have to guarantee that the algorithm
works determined and cycle-free.

First the problems are divided into different classes of degeneracy according to their dif-
ficulty. We will then show that determination is lost with degenerate problems, which
requires an adaption of the shadow vertex algorithm. For an obvious modification of the
algorithm we are able to construct cycling examples for almost all classes of degeneracy,
whereas the shadow vertex algorithm works cycle-free for the rest of them.



Introduction

We consider problems of the form

max v7z
s.t. a?zﬁ],...,aﬁxﬁl
where v,z,a1,...,a,m; € R" and m >n.

In addition u € R™ —the so-called start vector— is given. What it is needed for, will be
explained later.

For all successful probabilistic studies of the simplex algorithm the shadow vertex vari-
ant, which comes close to a modification of the Gass-Saaty algorithm [2], served as the
basis. Borgwardt [1] showed that the average running time of this variant is polynomial, if
the input vectors ay,...,am,u and v are distributed independently, identically and sym-
metrically under rotations. The rotation symmetry of the input however implies, that
degenerate problems (the exact definition of degeneracy is given later) only appear with
probability 0.

It is now our aim to examine the running time of the shadow vertex algorithm even on
degenerate problems. Therefore it must be guaranteed that the shadow vertex algorithm
works determined and cycle-free on these problems. Otherwise, if the probability of cycling
1s positive, the average running time grows exceedingly. Then modifications as well in the
algorithm as in the theoretical proof methods are necessary. The question whether the
shadow vertex algorithm cycles or not is answered in [4]. The authors of [4] discuss a
cycling example, which was introduced in [5]. This example however does not fit into our
special form with constant right side 1. In addition, the feasible region only consists of the
origin, and u is a negative multiple of v, what means that the problem is highly degenerate.
The question whether cycling on our problem type with right side 1 (that implies a full
dimensional feasible region) is possible, remains still open. It is answered positively in this
paper. Besides we examine how ”severe” degeneracy has to be to produce cycles. It will
be shown that already harmless degenerate problems, compared to that cited in [4], can
cycle.

In part 1 the shadow vertex algorithm is explained. Especially the geometric differences
between the feasible regions of degenerate and non-degenerate problems are shown.

Afterwards a classification of degenerate problems according to their difficulties is given,
where the related geometry plays an important role.

Part 3 deals with one degenerate vertex. The most important questions in this context
are: Does the shadow vertex algorithm still keep its determination in a degenerate vertex?
Are cycles possible? The first question has to be negotiated.

That is why in the last part we modify the shadow vertex algorithm in the following way.
In each pivot step choose any of the possible entering resp. leaving basis-vectors. However,
for this obvious modification, the second question has to be answered in the affirmative.
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In the next step for almost all previously defined degeneracy classes cycling examples are
constructed. For the rest it is proven that the shadow vertex algorithm works cycle-free.



1. The Shadow Vertex Algorithm

1.1 The Geometry

We consider problems of the form:

max v’z
st. alz<1,...,atz<1 (1.1)
where v,z,a;,...,a;m; ER" and m >n.

In addition a so-called start vector u € R" is given. For the present we are dealing with
non-degenerate problems, afterwards we will show the differences to degenerate problems.
We use the following characterization of non-degeneracy:

Each subset of n + 1 elements out of {a;,...,a,} is in general
position (primal non-degeneracy), and each n-element subset of (1.2)

{a1,...,am,u,v} is linearly independent (polar non-degeneracy).

We solve problems of the form (1.1) by the shadow vertex variant of the simplex algorithm
introduced by [1]. For this purpose it is useful not to carry out the studies in the primal
space, which contains the feasible region, but in the dual (or polar) space.

By X := {z € R" | afz < 1,...,aT7z < 1} we denote the feasible region, which is a
polyhedron, and is called primal polyhedron. Y := {y € R" |yTz <1 Vz € X} is the
corresponding polar polyhedron.

Y lies in the already mentioned dual space. It can easily be characterized in the folllowing
way.

Lemma 1: Y =CH(0,a;,...,an,), where CH denotes the convex hull.

For a better understanding fig. 1 shows a primal and its related polar polyhedron.

The following lemma clarifies the connection between the primal and the dual space. Here
A= {Al,...,A"} C {1,...,m} is an n-element set of indices.

Lemma 2: Let za be a vertex of X and £(A) the convex hull of all api, A* € {1,...,m}
with al;zo = 1. Then £(A) is a facet of Y.

If the vertex z, is non-degenerate, exactly n of the restrictions hold as strict equalities.
As we examine degenerate vertices, it is possible that there are more than n restrictions,
which hold as strict equalities. In both cases we say that £(A) is a boundary polytope
of Y. :
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Let us now consider the geometry standing behind the shadow vertex algorithm, as long
as degeneracy is absent.

Fig. 2 shows the foreground of a polar polyhedron. Let u be the start vector mentioned
earlier, and v the gradient of the objective. Now we explain what this start vector is
needed for. Therefore we consider the primal space. Suppose that phase I of the simplex
algorithm has already been done, and has provided us with a vertex zy of X. Then this
vertex should optimize the given objective u”z on X. Now back to fig. 2. In the polar
space we start at this u and move along the plane span(u,v) to v. During this movement
we intersect facets of the polyhedron Y, the so-called boundary simplices. In the primal
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interpretation this means moving on a simplex path from one vertex to the next. Each
facet is spanned by exactly n independent vectors, which build a basis of R". Passing
over from one facet to the next, we have to perform a pivot step, what means that one
vector leaves the basis, while another vector enters it. These vectors are called leaving
resp. entering vector. Arriving at v we get the optimal boundary polytope, and therefore
the optimal basis, and the algorithm stops. These results are summarized in the following
lemma.

Lemma 3: The boundary polytopes which intersect CC(u,v) = {y | y = Au + pv,
A2 0,p 2 0} C span(u,v) can be arranged uniquely in a sequence L(Ay),...,Z(A,),
such that A; # Aj for i # j, A; and Ay, differ only in one element, and arc(z;,v) >
arc(ziy1,v) for every pair (2;,2i41) with z; € Z(A;) N span(u,v), zit1 € Z(Aip) N
span(u,v).

Remark: If the problem has an optimal solution, ¥(A,) is the boundary polytope
belonging to the optimal vertex in X. If the problem is unbounded, Z(A;) corresponds to
the vertex z,, where it becomes obvious that the problem has no solution.

The proofs to all three lemmas as well as primal and dual descriptions of the algorithm
can be found in [1].

Now let us deal with degenerate problems, which result from the violation of the general
position condition. First we want to examine the situation when one degenerate boundary
polytope is at hand like in figure 3.

2y

Fig. 3
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Here both boundary polytopes are spanned by more than n (in our case n = 3) vectors,
namely ay,...,as, which implies degeneracy. Each restriction induced by the 6 vectors
holds with equality in a vertex of the primal polyhedron X.

In principle the shadow vertex algorithm works under degeneracy like in non-degenerate
cases, which we already explained. As single facets can be spanned by more than n vectors,
we eventually have to perform pivot steps during crossing one facet.

In figure 4 the number of pivot steps (comp. fig. 2) can grow from 4 to 7, because the
boundary polytopes CH(aq4,a7,a10) and CH(aq,as,a9) possibly are not run through in
one single step. A possible sequence of basis for the simplex path is e.g.:

(a7,610, @12) — (a4, a10,612) — (ay,a7,a12) — (a4,a7,a3;) —

(a4, a9, a11) — (aq,a9,a13) — (as, a9, a13) — (as,as,as)

as

Fig. 4

Degeneracy can also have its origin in the fact, that there exist 7, 2 < i < n, vectors out of
{ai,...,am,u,v}, which are linearly dependent. The harmless case is, if n of the vectors
{a1,...,am} are linearly dependent. Then these vectors do not form a basis, and hence
no vertex in the primal space. So this n-element vector set cannot contribute additional
pivot steps, and it does not need to be considered in our theoretical analysis. But if the
vectors u and v are involved, then the situation is more complicated and the algorithm
may be stalled, and "ambiguities” may occur. Different facets of Y can have more than
one comnmon point belonging 1o CC(u,v), or one point of CC(u,v) is contained in more
than two facets of Y. (These cases are excluded under non-degeneracy!) Out of this one
can already see, that degenerate problems can have different complexities. That is why we
want to classify degeneracy formally. But before doing that, let us explain the numerics
behind the shadow vertex algorithm.



1.2 N umerical- Realization

In this part we want to introduce the tableau representation, which we will refer from now
on.

In each vertex za of X at least n restrictions a,Ta: = 1 hold with equality, and there exist
exactly n restriction vectors out of them, which build a basis of R™. ‘Assume BAE gy BRAn
is such a basis with A = {A!,...,A"} C {1,...,m}. We are now able to represent each of
the vectors aj,...,am,u, v as a linear combination of these basis vectors. Then the entries
of the simplex tableau reflect the coefficients of the linear combinations.

a; R P Qn+1 S v v u
apt 1 0 ay A
Tkt : :
aan - 0 1 Qn Bn
0 0 q;n+1 qhﬂ Cgv Cgu
I I
v, v,

W.lo.g A ={1,...,n}. Thevalues ¥;,...,¥,, are the slacks 1-alz4s,i=1,...,m, Q,
and @y are the objective values of vTz resp. u7z.
A vertex za of X is optimal, if ax > 0 Vk = 1,...,n, because then v lies in the polar
cone of the corresponding restrictions, which are active in z,. If there is an a; < 0
(k € {1,...,n}), then the actual basis is not yet optimal, and we have to perform a pivot
step. That means a basis vector a; (I € A, I = AY) with a; < 0 is replaced by a; with
j €A
In a pivot step the following conditions must be true:

a; <0, 1‘;J‘<0 and

‘I)'j ' ‘I’;

max —

Yii Qe Tl |
{aa1,...,api-1,a5,ap5i41,...,aan} is then the new basis and we can calculate a new
tableau. If 7;; > 0 for 7 with a; < 0 and j = 1,...,m, then vTz is unbounded over

X.

Until now it is not clear which row to choose, if more than one a; is less than zero
(k € {1,...,n}). The leaving vector in the shadow vertex variant has to fullfil the following
condition:

=B . =Bk
—— = min ——
a; 1Sksn
. ap<0
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2. Classification of Degeneracy

For all later considerations we assume:

Each n-element subset {v,a;,...,ad,-1} and
each n-element subset {u,a;,...,a,-1} with (2.1)
{@1,...,8n-1} C {a1,...,ay,} is linearly independent.

The number of spanning vectors of a boundary polytope as well as the degree of linear
dependence of the input vectors are the central quantities for a classification.

Definition 1: A boundary polytope £(A) = CH(aa1,...,aar), p > n of Y, which is
intersected by CC(u,v) belongs to the degeneracy class D(p, a, f) with:

a:=1, If every n-element subset out of {aa1,...,aa»} is linearly independent.
a:=d, if there exist n vectors out of {aa1,...,aar}, which are linearly dependent.

B:=1, 1€N,1<i<n-1,ifthereisaw € CC(u,v)NL(A) which has a representation
w = A18; + ...+ A;@; where Ay,...,A; >0, Y, A\ =1and {a,...,5} C
{aa1,...,aas}, but there is no w € CC(u,v) N £(A), which can be represented
by less than i vectors out of {aa,...,aas} in the way mentioned above.

Definition 2: A problem of the form (1.1) belongs to the degeneracy class

- D(p,+,B1), if all of the boundary polytopes of Y belong to the degeneracy class
D(k,i,8), n < k < p, B 2 B, if (at least) one boundary polytope belongs to the
class D(k,t,3,), and (at least) one boundary polytope is spanned by p vectors.

- D(p,d, B2), if all boundary polytopes of Y belong to the class D(k,,3), n < k < p,
B 2 B,, and if (at least ) one boundary polytope belongs to the class D(k,d, 8), 8 > B,
and one to the class D(k,-,3;), and if (at least) one boundary polytope is spanned by
p vectors.

What does this classification mean graphically? Fig. 5 answers this question. Boundary
polytopes £(A) = CH(ay,...,as) C R? seen from above are shown in the following.

(i), (iii), (v), and (vi) of the following figure are primally as well as polarly degenerate.
The critical points are responsible for (ii), (iii), (v), and (vi) belonging to an "unpleasant”
degeneracy class, for there exist (linear) dependencies between u, v, and the a-vectors.
Loosely speaking: The smaller the value of 3, the worse is the degree of degeneracy.

The next step is to examine the performance of the simplex algorithm within a single
degenerate boundary polytope. '



(i)  D(5,i,n—1) = D(5,i,2)

(i)  D(5,i,n—2) = D(5,i,1)

a3
2, GCuy)
(i)  D(8,i,n —2) = D(5,i,1)
ay
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(iv)

D(5,d,n —1) = D(5,d,2)

D(5,d,n —2) = D(5,d,1)

1l

CClu,)

CCluv)



3. Examination of the Shadow Vertex Algorithm
Within a Degenerate Boundary Polytope

We now know the geometrical background of degeneracy. Let us examine, whether the
shadow vertex algorithm keeps its distinctness under degeneracy, and whether cycling is
possible. For the shadow vertex algorithm guarantees that the objective function grows
from vertex to vertex, cycling can (if at all) arise only within a vertex (primal) or a
boundary polytope (polar). That is why we concentrate on the examination of one single
boundary polytope, which is spanned by p > n restriction vectors.

We want to remark that the shadow vertex algorithm does not necessarily work definite
on degenerate problems, as it is the case with non-degenerate ones. Ambiguities can arise
with the choice of the leaving vector as well as with the entering vector. Let us discuss
this phenomenon by looking at (iii) of fig. 5.

Assume the present basis is (ay, az,as). The next basis can be (a3, aq,as) or (a3, as, as),
which makes clear that the leaving vector is not unique. After the choice of the leaving
vector, say ag, as well (a;, a3, as) as (a3, a4, as ) is a suitable basis (ambiguity of the entering
vector!). The same argumentation is valid for (ii), (v), and (vi).

For the degeneracy class D(-,-,n — 1) at least the leaving vector is determined uniquely
(compare (i) and (iv)). This insight leads to the following lemmata, which can be proved
easily.

Lemma 4: The shadow vertex algorithm works cycle free on problems of the class
D(p,-,n—1).

Lemma 5: For all D(p,,n — i)-problems, i > 1, ambiguities concerning the entering
vector may occur.

.Remark: The ambiguity of the entering vector has the following geometrical interpre-
tation. The leaving vector @; lies in one of the two halfspaces divided by the hyperplane
through the other basis vectors {a1,...,an} \ {@;} and the origin. Now there are several
vectors out of {aa1,...,aas} D {@,...,a,} situated in the other halfspace. These are all
possible candidates for entering the basis.

We have all seen that the distinctness of the shadow vertex algorithm is lost with degenerate
problems. We therefore have to give an instruction how to handle ambiguities.

An obvious modification of the shadow vertex algorithm with degenerate problems is the
following:
(i)  We apply the shadow vertex rule as long as distinction is guaranteed.

(ii)  If there are any ambiguities, then we choose the leaving or entering vector arbitrarily
among the possible vectors.

12
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This selection rule is only sensible, if the so modified shadow vertex algorithm works cycle-
free ¥. We want to examine that in the following section.

4. Construction of Cycling Examples

At the present we conjecture, that for all degeneracy classes D(p,+,n—1), p > n, ¢ 2 2 there
exist cycling examples. But it is impossible for us to create one for the class D(p,:,n — 2)
in R®. That is why we pass over to R*. We exert ourselves for choosing the input data
of the cycling examples as simple as possible to make the calculations easy. Since the
generating vectors of the boundary polytope (n — 1-dimensional, that means 3-dimensional
in R*!) lie all in one hyperplane of R*, we can fix their fourth component to 1. We design
a D(-,+,1)-cycling example, that means there exists a point say ass, the so-called critical
point, which is a conical combination of u and v.

aps :=(0,0,6,1)7, >0, u:= (0,0,3,1)T, @<e and

3= (0,0,9, DT, 5> ¢ yields aas:=Au+ dv with (4.1)
Yo leds, Name—s, Oy, Ay 21,

and we get what we wished.

For simplicity we choose the third component of the remaining vectors of the boundary
polytope £(A) equal to zero, their first two entries can be chosen arbitrarily.
Geometrically speaking we search a circle of basis, such that the following holds:

In every pivot step a set of n—1 basis vectors {@i,...,an-1} C {aa1,...,aan} (4.2)
stays in the basis, whose linear hull separates the vector @, := {aa1,...,aan}\

" {ay,...,an—1} and the objective vector v. @, is then replaced by a vector

a € {ai,...,am}\{aa1,...,aan}, which lies in the same halfspace as v relative
to span(@y,...,dn-1).

Now we search for a sequence of basis with the above property and the additional condition,
that after a finite number of steps we get a basis already obtained. For this purpose the
critical point ax« must not leave the basis, for that would mean a step forward on the
span(u,v)-plane into direction v, and hence no cycle would be possible.

Cycling examples shall now be designed on a piece of paper. Therefore we have to translate
our previous ideas into R?, especially prescription (4.2).

* For simplicity we will omit the word "modified” in the following. In connection with

degenerate problems, however, it would have to be added.
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From up to now by @i € R? we denote the 4-dimensional basis vectors aa: truncated by
their last two components. If we choose the input vectors as described in (4.1), we observe
the following phenomenon:

Theorem 1: Let A = {aa1,...,ap4} be a basis of R* and aas a critical point. ap: is
a possible leaving vector, iff aa: lies in the same halfplane as aa« relative to the straight
line containing @a: and Gps.

Proof. Let r be the normal vector on the hyperplane H(0,aa2,a53,a44)

—  r=(e(as — aks), —e(ahs — ak,),adsaks — adsaks, e(ahsahs —adsal,))T
with € as in (4.1). The normal vector on the straight line containing @5 and aus is then

7= (e(aks — k1), —€(ahs — al,))7T

=
aa is a possible leaving vector — sgn(rTap:) = —sgn(rTv)
= sgnl(ai:aps —ahaa}s)+ (ks —aha)aks — (ahs ~aha)aki] = —sgnladsads —adaks]
(4.3)
FT&A: = G(Gisahz e ahaaiz) = C ?é 0 (4.4)
It remains to show:;
7laps <c and 7 aa < ¢ (4.5)
or
Taps >c and #laa >c (4.6)
We know:
?_‘T(-IA1 =D
fTaal = e(ais - aiz)alax + E(azz . G‘l&s)ail

We have to distinguish between ¢ > 0 and ¢ < 0.
l.c>0
Let us show (4.5). From (4.3) and (4.4) follows:

(aasans — apaahs) + (ahs — aha)ahs = (ahs — aha)ad, <0

~ (@asap: — ajsahs) > (ahs — ahs)ah, — e(aks — als)dl,
_‘l':: % PT;‘;1

14
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Let us show (4.6). From (4.3) and (4.4) follows:

(a%2ahs — ah20ds) + (ads — aka)ah: — (ahs —ah:)ak: >0

- f(aisa};z - ainaha)l < f(ais —ak3)ak: — e(aks — ah1)ad,

c rTaal

sgn(FT-am) = 8gn(FTaA4)

 sgn(api1€(axs — Gpz) — Gp1€(aps — aps)) = sgn(0) =0

« ajpi(ahs — ahz) — ari(ahs — ap2) =0 (4.7)

4.7
sgn(rTaa1) = sgn|(ad2aks — alaals) + (ads — ad2)aks — (aks — als)adi] ‘2

= sgn(a’zaks — al2dds) =
= —sgn(ah:ais — alzaks) =

= —sgn(rTv)

0

Using all previous results, we now can specify cycling examples of the class D(p,,n — 3)
(= D(p,-,1)) in the space R*. We consider only a small selection, which should clarify the
geometry.

-Fig. 6-8 show boundary polytopes of this kind with regular shape. Since we operate in

R*, the boundary polytopes are 3-dimensional (facets!). We consider such a boundary
polytope £(A) where £(A) =Y N {z | z* = 1}. This means, that the boundary polytope
has distance 1 from the origin in z*-direction. Furthermore all points of the boundary
polytope but the critical one should span one of the polytope‘s facets. These points are
marked by a black dot in fig. 6-8, and have a zero-entry in their third component. This
special position in direction z* is not absolutly necessary for constructing cycling examples,
but it simplifies the graphical as well as the computational representation. The critical
point, which has to stay in the basis during the cycle is marked by a cross. It lies on
span(u,v) and it‘'s third component z* is equal to € with € > 0. |

Hence what we see in our figures is the two-dimensional projection (onto the first two
components z! and z2) of the three-dimensional boundary polytope in the 4-dimensional
space. :
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The principle behind the construction of all three figures is the following: Let us ignore the
critical point for a while, since it does not leave the basis during the whole cycle, and let
us concentrate on the remaining three basis vectors. Because of our choice, they lie in the
two-dimensional plane and form triangles (linear independence!). According to theorem
1 we have to remove that vertex of the triangle from the basis, which lies in the same
halfplane as the critical point relative to the straight line containing the other two vertices
of the triangle. This point is then replaced by a point of the opposite halfplane. After
a finite number of exchanges of this kind we have to return to the start triangle to get a
cycle.

E(A)=CH((1],...,G7)

as

Fig. 6

£(A) = CH(ay,. .., as)

*§

Fig. 7
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From appendix I-III one can draw the calculations to the fig. 6-8.

We now discuss a cycling example related to fig. 6 at full length. Therefore we assign
concrete numbers to the vectors, such that we qualitatively get fig. 6. Afterwards we
explain by this figure the construction of a cycle. Last but not least we show the cycling
by explicit calculation of the tableaus.

Let

a; = (-4.5,-2.25,0,1)T, ay :=(6,-4.75,0,1)7,
as == (2,-1.25,0,1)T, a4 :=(0,2.75,0,1)7,
as := (0.5,6.25,0,1)T, ag :=(-2,-1.25,0,1)7,
a7 :=(0,0,1,1)7,
v:=(0,0,-1,1)T, wu:=(0,0,2,1)T.

This assignment yields a somehow distorted image of fig. 6 which however owns the
same geometric properties and is shown in fig. 9. It has the advantage, that during the
calculation (exact, since we use integer arithmetic!) only numbers with moderate size
appear. We start with the basis A = {3,4,2,7} and get the following tableau restricted
to the boundary polytope:

17



¥(A) =CH(ay,...,ar)

s

Fig. 9
a; az daz ay as ag an v u
as 85/12 0 1 0 -11/4 13/3 0 -11/6 11/3
aq -107/36 0 0 1 11/4 -14/9 0 2/9 -4/9
a; -28/9 1 0 0 1 -16/9 0 11/18 ~11/9
ar 0 0 0 o0 0 0 1 2 -1
0 0 0 0 0 0 0 -1 -1

Only a3 can leave the basis. span(a4, az, ar) separates v and aj. According to theorem
1 that is equivalent to the fact that in the two-dimensional projection the straight line
containing @, and @, does not separate @3 and a-. During the cycle a; never leaves the

basis.

From up to now for the leaving vector all those vectors come into question, which lie in the
same halfplane as @; relative to the straight line containing the remaining basis vectors.
Let as be the entering vector. Then the tableau looks as follows:

a; as as ag das ag ar v u

as | —85/33 0 -—4/11 0 1 -52/33 0 2/3 4/3
a4 37/9 0 1 1 0 25/9 0 -29/18 | 29/9
az | —53/99 1 4/11 0 0 -20/99 0 -1/18 1/9

- ay 0 0 0 0 0 0 1 2 -1
0 0 0 0 0 0 0 -1 -1

18
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aq or a; may leave the basis. @, lies namely in the same halfplane as a@; relative to
Gy :={z | ¢ = a2 + AM(@s — a@2), A € R}, and a; lies in the same halfplane as a; relative
to G2 := {z | ¢ = G4 + A(@s — @4), A € R}. We choose a; as leaving and a¢ as entering

vector.
ay ag as a4 das 4asg arg v u
as 8/5 -39/5 -16/5 0 1 0 O 11/10 -11/5
ag -13/4 55/4 6 1 0 0 0 -19/8 19/4
ag 53/20 -99/20 -9/5 0 0 1 O 11/40 -11/20
ar 0 0 0 0 0 0 1 2 -1
0 0 0 0 0 0 0 —3 -1

Let a4 be the leaving vector, for @7 and @4 lie in the same halfplane relative to G3 :=
{z |z =as + M@ — @), A € R}. Let a; be the entering vector.

aj as as a4 as dag ar v u
as 0 —67/65 —16/65 32/65 1 0 0 -9/130 9/65
a 1 -55/13 —24/13 —4/13 0 0 0 19/26 ~19/13
ag 0 407/65 201/65 53/65 0 1 0 —108/65 216/65
az 0 0 0 0 0 0 1 2 -1

0 0 0 0 0 O -1 -1.

1 and 3 are possible pivot rows, since as and a; lie in the same halfplane relative to
Gs={z |z =81+ M@ — @), A € R}. The same is true for @ and @7 and the straight

get:

~ line defined by a, and as. Let us choose row 1 and column 3 to perform a pivot step. We

a; as as ay as ag ar v u
as 0 67/16 1 -2 -65/16 0 0 9/32 —-9/16
a 1 7/2 0 -4 -15/2 0 O 5/4 -5/2
ag 0 -107/16 0 7 201/16 1 O —81/32 81/16
ar 0 0 0 0 0 0 1 2 -1

0 0 0 0 0 0 O -1 =1

According to the scheme repea.t;edly described we now choose ag and a; and get:
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a daz das agq as ag ary v u
a3 | 0O 0 1 255/107 407/107 67/107 0 —279/214 279/107
a 1 0 0 —36/107 —99/107 56/107 0 —8/107 16/107
as 0 1 0 -112/107 -201/107 -16/107 O 81/214 —81/107
az 0 0 0 0 0 0 1 2 -1

0 0 O 0 0 0 0 -1 -1

Assume we choose a; as the leaving vector, and a4 as the entering vector, then we get the
basis A = {3,4,2,7}, i.e. the start basis. That means we have constructed a cycle (also

compare the calculations in the appendix).

Now it is obvious how to construct D(p, +,1)-cycling examples in higher dimensions n > 5.

Step 3:

Design a D(p,,1)-cycling example of R* as already explained.

To get a cycling example in the n-dimensional space, extend the 4-dimensional
vectors by n — 4 entries with value zero. In addition a linearly independent
completion of the n — 4 vectors is needed. For that purpose we choose (w.l.o.g.
z* =1 for all points of the boundary polytope as in our examples)

a; = (01 0-.- Oala e?_4)Ts
a; = (010501 1,62—4)7‘,

a*_,:=(0,0,0,1,er=H7,

where e:-‘_“ is the ith unit vector of dimension n — 4.

For the start tableau choose fi,...,8s and ay,..., a4 like in the 4-dimensional
start tableau and a5 =+ = ay = a;, f5 = -+ = By := B1. Again aa« is the
vector not leaving the basis during the whole cycle.

Remark: By pivotingon the vectorsaa1, aa?, and aas we can produce a cycle analogous
to the 4-dimensional case (compare proof of lemma 6).

In the next step we generalize the degree of degeneracy, i.e. we design D(p,-,1)-cycling
examples, where 1 < ¢ < n —3, and the dimension n of the space is arbitrarily chosen.
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(4.9)
This construction is the same as in (4.8) besides Step 3. Instead of we perform Step 3’.

Step 3:  For the start tableau choose f;,...,0s and ai,...,a4 like in the 4-dimensional
start tableau. Besides a; := a; and §; := B, forall j = 5,...,n— 1+ 1,
aj := ay, fBj := PB4 otherwise.

Remark:

. 1. By pivoting on the vectors ap1, asz and aps we can again produce a cycle analogous

to the 4-dimensional case (compare proof of lemma 6).

2. In the start tableau we have a; > 0 at most n — 3 times (compare Step 3’ and the
construction of the 4-dimensional cycling example). The corresponding basis vectors
have to stay in the basis. The most harmless degree of degeneracy, we can produce
by this construction, is therefore D(p,-,n — 3).

Lemma 6: (4.8) and (4.9) produce cycling examples of the desired degeneracy classes.

Proof. We try to construct a D(p,-,7)-cycling example in the space of dimension n. The
start tableau looks according to (4.8) and (4.9) as follows:

a; - am 8 e dp g v u
apl (451 Bl
aa? az B2
aps 0 ag Bs
aps (’Yij);’:;-_-_-w;" Qy Ba
aj 1 aj I
Qn_i-3 o B
B o B4
By 1 Qy B

0 . . 0 Qv Qﬂ

The second part of the v-column contains ¢ — 1 entries of value ay and n — ¢ — 3 entries of
value a;.

Let a;,...,am be the vectors we get from the 4-dimensional cycling example extended by
n — 4 entries of value zero. aa4 is the vector, which does not leave the basis during the
cycle. Let aJ,...,a;,_, be the linearly independent completion of the R". They will never
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leave the basis since they are absolutely necessary for it (no negative y-entry in this part
of the tableau!).

Note that R" is the direct sum of span(a;,...,an) and span(a},...,a5_4). In the first
four lines the entries of aj,...,a,, are therefore the same as in the 4-dimensional case,
because this upper part of the tableau is only generated by ay,...,a,. The same is true
for the corresponding part of the columns u and v. This implies that the cycles produced
by aj,...,am, in the 4-dimensional case also lead to cycles in R".

Let)\=la.ndp=—-§i-=—g’;=—%:>0.

Then p 5 \ .
=M1
(2 [ = : (0
B —Bs
b — Bu — 22
) -b 0
Au+ pv = : -+ =
g =g 0
o | |- B = 2
\6.) \-am ) \p et/

Therefore the vector Au + pv can be represented by ¢ basis-vectors, and this means that
the degeneracy class D(p,-,1) is at hand. 0

Now we know, that the shadow vertex algorithm works cycle-free on D(p,-,n—1)-problems,
but there exist cycling examples for the classes D(p,+,n—1), ¢ > 3. It remains the question
whether cycling for the class D(p,:,n — 2) is possible. In the following we will prove the
finiteness of the shadow vertex algorithm for this kind of problems. For that purpose we
need some more lemmata.

. Lemma 7: Assume a problem of the class D(p,+,n — 2), p > n is at hand. Then there
exist 1,7 € {1,...,n}, 1 # j with

a;<0,a;<0 -—&=—& and
Q; Qaj
——Ei<—& Vk € {1,...,n}\ {i,j} wherea; <0.
a; ak

Proof. According to the definition of D(p,:, n—2), span(u,v) intersects the present cone
CC(aa1,...,aan) in a (n — 2)-dimensional face.

— 3,j,€{1,...,n},i#£j and 3I) X€R’ with
Bk +Aax >0 YAe(Q Al VEe{l,...,n}\{3j)
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Bi+Aai =0
B; + Xaj =0 (4.10)

(a8 Q;
(aiy @j #0 comp. (2.1)})

snd :\<-_§—: VEe{L...,n}\{i,j}) N {k | ar <0}

We now show a; <0, a; < 0.

Bi+Aa; >0 YA€ () A)
Bi+Aa; 20 Vre(QX)

Assume a; > 0 — Ve > 0 the following holds:

Bi+ (A+€)a; =i+ Aai+ ea; >0
h\ﬁl \0"
>0 >

This is a contradiction to (4.10). For a; we argue analogously. O

Lemma 8: We assume (2.1). For 2—dimensional problems there can only be an ambi-
guity in the first pivot step choosing the leaving vector. Afterwards each leaving vector is
definitely determined.

Proof. In the following we assume that neither unboundedness nor optimality is achieved,
since otherwise we could stop. — 3 a; <0, 1 € {1,2}.

The only critical case is, if @; < 0 and a2 < 0 besides

—ﬁ=—-—ﬁ—2—=: , A>0.
(53] (25]
Otherwise the leaving vector is at hand.
Let
_&__ﬁ_z= A, A>0.
451 (3]
= B = (=N
B2 = (—A)az = 1>0,5>0

— u is a negative multiple of v, i.e. u and v are linearly dependent. The situation is as
follows:
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Y c R? f

Here we are in the start simplex, i.e. in the first pivot step. If we now choose the pivot row
arbitrarily (w.l.o.g. the first row) the up-date achieves that a; > 0. Then either optimality

or one of the harmless cases is at hand. 0
Lemma 9: The orthogonal projection II of the vectors ay,...,am,u,v onto the orthog-
onal complement of span(apk+1,...,aan) for a k € {1,...,n} does not change the entries
of the first k tableau lines.
Proof.

M{agess) ==+ =Tfoa) =0

n
a; = E Yiidai
Jj=1

n n : k
— Il(a;) =11 Z’)’j;am - Z'}’jin(am) = Z 75ill(aai)
j=1 Jj=1

i=1

For the columns u and v we argue analogously. O

‘Lemma 10: By pivoting only in two fixed rows no cycle can arise.

Proof. W.l.o.g. we consider only the first and the second row of our tableaus as well as the
slack part. This shortened tableau is then interpreted as the tableau of a 2—dimensional
linear program. Besides we restrict ourselves on the columns, which have a zero entry in
the slack part, i.e. on the p, p > n generating vectors of the boundary polytope, for only
these (if at all) can produce a cycle. We then get a start tableau of the form:

Gy vc Qg v G+ Gy v U
ag a; B
: Yij
aj b : Q2 B2
0 : v 0 Qu Qu
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W.lo.g. we choose a; as the leaving vector. In the next pivot step it will be replaced by
ap. According to lemma 9 we can interpret the columns of the tableau as vectors in R?
represented by the canonical basis. Assume (w.l.o.g.) that the vectors are numbered such
that

0° < are(—v,a;) < are(—-v,a,4+1) < 180° Vi€ {1,...,p}.

G := {Av, A € R} divides the R? into two halfplanes denoted by M; and Mj.

te{l,...,p=17}

We have to distinguish two cases.

Casel: ap €My ANaie€M;, V ap €M, Aa €M
G' := {pa;, p € R} divides the R? into two halfspaces, one containing —v
and the other containing v. Then a lies in that halfspace, which contains v.
According to our assumption of case 1, v € CC(axs,a;), and we can stop.

" Case 2: ap, a1 €My V ap,a € M,

—  arc(-v,ap) > arc(—v,a;) — k' >1

As long as case 2 is at hand, we must repeat the procedure increasing the indices of the
entering vector. Therefore case 2 can occur at most p — 1 times. Hence after at most p

pivot steps case 1 must apply. This means that cycling is excluded. O
Lemma 11: Consider a D(p,:,n — 2)-problem where (w.l.o.g.) u+ v = Azaps +
«vo4Apaan =: Py, Agy...,Ap > 0. Then none of the vectors aps,...,aan can be removed
from the basis without leaving Py, which results in an increase of p.

Proof.

P1=u+ﬁv=A3aAa+---+AnaAn
Py i=u+ jiv=maa: +n2aa2 + maaas + - + Nnaan
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W.l.o.g. we remove aas from the basis.

Assume i=f (& u+pv=u+jv « P =PF)

— Azaps + -+ + Apaan = Maar + 72042 +74aa4 + -+ ndan

& maar + n2aaz — Azaas + (7 — Ag)aas + -+ (n — An)aan =0

_"q1=ﬂ2=)\3=03 n4=A4&"°ann=)\m

because {aa1,...,aan} is a basis of R". Since A3 = 0 we do not have a D(p,-,n — 2)-
problem but a D(p,-,n — 3)-problem. — G # g — A > f.

Theorem 2: The shadow vertex algorithm works cycle-free on D(p,,n — 2)-problems.

Proof. If at all cycles can arise, then arriving at P; (comp. lemma 11). P, = u+ piv =
Asaas + -+ Anaan where Aq1,...,Ap > 0.

Assume there is a cycle around P;. According to lemma 11 none of the vectors aas,...,aan
is allowed to leave the basis during the cycle, since otherwise P; would be left. Therefore
the cycle has to be produced by pivoting in the first two lines of the tableau. But this is
a contradiction to lemma 10. 0

Corollary: In R® the shadow vertex algorithm works cycle-free.

This fact explains, why our efforts to construct cycling examples in R?® have failed, and
why we have been successful in R*.

Conclusion:

We have seen that the modified shadow vertex algorithm loses its distinctness on degenerate
problems. While on D(p,+,n — 1) and D(p,+,n — 2)-problems it works cycle-free, for all
other degeneracy classes cycles can arise. For our examinations, the probabilistic analysis
of the shadow vertex algorithm, cycling has to be prevented. For this purpose we either
must disturb the degenerate problems such that non-degenerate ones result from that, or
we have to restrict our considerations only on D(p,-,n — 1) and D(p,-,n — 2)-problems.
The detailed discussion of appropriate perturbation methods would be too lengthy and
should not be done within this paper.
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Appendix I:

al a2 a3 ad ab ab a’7 v u

-4.66 15.19 9.53 1.00 0.00 0.00 0.00 -3.51 7.02
2,73 =9.,53 =5.,80 0.00 1.00 0.00 0.00 1.93 =3.86
2,93 =-4.66 -2,73 0.00 0.00 1.00 0.00 0.58 =-1.15
0.00 0.00 0.00 0.00 0.00 0.00 1.00 2,00 -1.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 -1.00 =1.00

1 ist moegliche Pivotzeile,
Bitte waehlen Sie einen Pivotzeilenindex unter den moeglichen aus!
Sie haben Zeile 1 als Pivotzeile gewaehlt.

mue = 2,00000000000000E+00:

1l ist moegliche Pivotspalte.
Bitte waehlen Sie einen Pivotspaltenindex unter den moeglichen aus!
Sie haben Spalte 1 als Pivotspalte gewaehlt.

al az2 a3 ad ab a6 a7 v u

1.00 -3.26 -2.04 =0.21 0.00 0.00 0.00 0.5 ~1,80
0.00 =0.63 =0.21 0.58 1.00 0.00 0.00 =0.12 0.25
0.00 4.89 3.26 0.63 0.00 1.00 0.00 =-1.63 3.26
0.00 0.00 0.00 0.00 0.00 0.00 1.00 2.00 -1.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 =-1.00 =-1.00

2 ist moegliche Pivotzeile.

3 ist moegliche Pivotzeile. .

Bitte waehlen Sie einen Pivotzeilenindex unter den moeglichen aus!
Sie haben Zeile 2 als Pivotzeile gewaehlt.

mue = 2,00000002456058E+00

2 ist moegliche Pivotspalte.

3 ist moegliche Pivotspalte.

Bitte waehlen Sie einen Pivotspaltenindex unter den moeglichen aus!
Sie haben Spalte 3 als Pivotspalte gewaehlt.

al az2 a3 ad ab a6 a7 v T

1.00 -2.,73 0.00 -5.80 -9,53 0.00 0.00 1.83 =3.86
0.00 2.93 1,00 =-2.73 -4.66 0.00 0.00 0.58 "=1.158
0.00 -4.66 0.000 9.53 15.19 1.00 0.00 -3.51 7.02
0.00 0.00 0.00 0.00 0.00 0.00 1.00 2,00 =-1.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 -1.00 =-1.00
3 ist moegliche Pivotzeile,

Bitte waehlen Sie einen Pivotzeilenindex unter den moeglichen aus!
Sie haben Zeile 3 als Pivotzeile gewaehlt.




mue = 2,00000044430362E+00

2 ist moegliche Pivotspalte.
Bitte waehlen Sie einen Pivotspaltenindex unter den moeglichen aus!
Sie haben Spalte 2 als Pivotspalte gewaehlt.

al a2 a3 ad ab a6 a7 v u

1.00 0.00 0.00 =-0.21 =-0.63 0.59 0.00 =-0.12 0.25
0.00 0.00 1.00 3.26 4.89 0.63 0.00 =-1.63 3.26
0.00 1.00 0.00 -2.04 =-3.26 =0.21 0.00 0.75 -1.50
0.00 0.00 0.00 0.00 0.00 0.00 1.00 2.00 =1.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 =1.00 =-1.00

1 ist moegliche Pivotzeile.

2 ist moegliche Pivotzeile.

Bitte waehlen Sie einen Pivotzeilenindex unter den moeglichen aus!
Sie haben Zeile 1 als Pivotzeile gewaehlt.

mue = 1,99999968147054E+00

4 ist moegliche Pivotspalte.

5 ist moegliche Pivotspalte.

Bitte waehlen Sie einen Pivotspaltenindex unter den moeglichen aus!
Sie haben Spalte 4 als Pivotspalte gewaehlt.

al a2 a3 ad ab a6 a7 v u
-4.66 0.00 0.00 1.00 2.93 =2.73 0.00 0.58 =1.15
15.19 0.00 1.00 0.00 -4.66 9.53 0.00 -3.51 7.02
-9.53 1.00 0.00 0.00 2.73 =5.80 0.00 1.83 -=3.86

0.00 0.00 0.00 0.00 0.00 0.00 1.00 2.00 -=1.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 =-1.00 =1.00

2 ist moegliche Pivotzeile.
Bitte waehlen Sie einen Pivotzeilenindex unter den moeglichen aus!
Sie haben Zeile 2 als Pivotzeile gewaehlt. :

mue = 1,99999997569647E+00

5 ist moegliche Pivotspalte.
Bitte waehlen Sie einen Pivotspaltenindex unter den moeglichen aus!
Sie haben Spalte 5 als Pivotspalte gewaehlt.

al az2 a3 ad ab aé a7 v u

4,89 0.00 0.63 1.00
-3.26 0.00 =-0.21 0.00
~0:63 1.00 0.59 0.00

0.00 0.00 0.00 0.00

.00 3.26 0.00 =-1.63 3.26
.00 =-2.04 0.00 0.75 =1.50
.00 =0.21 0.00 =-0.12 0.25
.00 0.00 1.00 2.00 =1.00

o o Nol S lle)

0.00 0.00 0.00 0.00 .00 0.00 0.00 -1.00 =-1.00




1l ist moegliche Pivotzeile.

3 ist moegliche Pivotzeile, -
Bitte waehlen Sie einen Pivotzeilenindex unter den moeglichen aus!
Sie haben Zeile 3 als Pivotzeile gewaehlt.

mue = 1,99999993071797E+00

1 ist moegliche Pivotspalte.

6 ist moegliche Pivotspalte.

Bitte waehlen Sie einen Pivotspaltenindex unter den moeglichen aus!
Sie haben Spalte 6 als Pivotspalte gewaehlt,

al a2 a3 ad ab at a7 v u

-4.66 15.19 9,53 1.00 0.00 0.00 0.00 -3.51 7.02
2.73 =-9,53 =5,80 0.00 1.00 0.00 0.00 1.93 -3.86
2.93 -4,66 =2.73 0.00 0.00 1.00 0.00 0.58 =1.15
0.00 0.00 0.00 0.00 0.00 0.00 1.00 2.00 =-1.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 -1.00 =-1.00




(T

(T
(€
(t
(€

IT= )
/1-)
/8- )
/8 )
/0T-)
n

(T
(€

(€

T~ I
/2 )
/v )
=
/8 )
A

(1

(1
(1
(1
LT

/0

g !
/0
/0
/0

(1

jsne uayorTbeow usp zajun x

/0 ) I(T
/0 (1
/8- ) (1
It ¥(T
/0T-) (T
ge

/0

/0
/T
/0
/0

Le

/0

/0
/0
/1
/0

ge

*3ITydemab a3Tedsjoatq ste N.wuﬁmmm uaqey aTs
isne usyotrbaow usp I33un XapuTualTeds3OATd USUTS OTS USTYSEM 233TH
*@3T1edsjoATd eyoTTboow 3sT 7

1/2

= anuw

"3ITyeeMab a1T9Z30ATd STR Z 9TT9Z uaqey a1s

/0 (1

/0 (T
IIT=) i1
/8 ) (1
FOT=) (T

ge

‘®rT19z30ATg
/0 )(T /0 )I(1
0 YT o 1%
/8- ) (g /8- ) (g
/9T ) (1 /8 ) (1
/L= Y g /[ET-)(E
pe ge

SPUTUSTTAZI0ATJ UDUTD ITS USTYSIEM

ayoTTbsou
/0 )(1
/0 ) (1
/9T ) (T
/8= ) (1
/IT )Y (1

ce

93118
IST 2

/0 )

/0
/0
/0
/T

]

Te

II xTpuaddy



(1
(T

(=
(€

(T

(T
(€
(T-
(€

=

/1~
/8

/0T
/8-

B

(T

(1
(T
(g
(e

(T

(1
(€
(z
(9

‘3Ty2emab 237eds]0ATd sTe ¢ a3Teds usqgey aTS
isne usyotTboow usp I93un XBPUTUS3ITEdSIOATd USBUTS STS USTYIEBM ©33TH
*93T7eds3oatg ayorTbaow 3sT ¢

1/2 = °onuw
"3ITyaemab STT8ZI0ATd STR £ OTT9Z Uaqey oIS
isne usyoT{bsow usp IB3UN XSPUTUSTISZIOATJ UBUTID STS USTYSEBM 2331

‘9TT9230ATg ayotTbsow 3sT ¢

/3= ) (t /0 )(x /0 )(t /o0 )Y(t /0 )Y(x /0 )(T /0 YT /0 )(L /0 )(T /0 )

/7 ) (T /T (T /0 )(T /0 (T /0 )(T /0 )(T /0 )(T /0 )(T /0 )(TI /0 )
/p- ) (T /0 )Yt /0 J)(t /1 )(T /8 Y(t /L (1 /8 (T /8- )(t /0 )(1 /91 )
/8 ) (Tt /0 )(t /0 )(T /0 )(e- /0T (e~ /0T )(e- /€T V(e /1T )(T /T (T /L-)
/v ) (Tt /0 )1 /T )(T /0 )(e /11-)(E /8- )(€ /8- )(E /9T )(T /0 )(T /8-)
A 6® ge Le ge Gge pe £e Ze Te

*3Tyeemab s3Tedsjoarg sTe g @3Teds usqey oT§

isne usaydtTbeow usp 133un XIpuUTUS3TedSIOAT4 USUTD SIS USTYaeM 233Tg
*93Tedsjoatd ayotThoca 3IsT §

*@3TedsjoaTg ayotTbsow 3IsT ¢

1/2 = onuw

‘3ITysemab B1T9ZI0AT4 STB T OTT9Z uagey oIS

isne usyoTTboow uUSp IB3IUN XSPUTUSTTOZJOATJ UBUTS TS USTYIEM 23314
*9TT8ZI0ATd ayorTboow 3sT ¢

*8TT®zZ30ATg ByorTboow 3sT T

/1-) (t +s/0 )(t /0 Y /0 )(t /0o (Tt /0o )(T /0 )(T /0 )Y(T /o )(T /0 )

/2 ) {t /1 34t . [0
/o= ) T #0 Yt /2
/T ) (Tt /0 )(8- /L
/1= ) (T /0 )Y{(g- /1

/0 )(t /o )(t /o0 )(t /o )(t /o )(T /0 (T /0O
/T e /Jz (e /s )€ /8 )l /8 )Y(T /0o )(T /o0
/0 )(8- /T )(I- /1 (1= /2 )(1- /T H)(1 /1 )(1 /0O
/0 ) vz /TT)(E /T (e /T Y(e- /Z HY(T /0 (1 /1

— e T
—_—— e~ —
o~~~
— Tt —

A e ge Le ge Ge pe ce Ze TE



(t /1-)

(t /1-)
(e- /0T )

(€~ /8
(1 /8

)
)

(T

(T
(€
(€
(1

(T

(T
(z
(9
(€

"3ITYysemab a3Tedsjoard sTe p o3reds usqey 91§
isne uayorTbosow usp Isjun X9pUTua3TedS]OATd USUT® BTS USTYIEM 213714
*93TedsjoaTg ayotThoow 3ST P

1/2 = onu
"ITUSeMab BTT9Z30ATg 6T T @TToZ USQeY ITS

iSNe uUsYOoTTbeow usp IBJUN XSPUTUSTTISZIOATJ uUauTd® 3TS uaTyaem a333T1g
"9TTeZ30ATg BayoTTbsow 3sT T

£ (Tt /0 )(r /0 )t /0 )(T /0 (T /0 (T /0 (T /o )I(1 /0 )(t /o )

72 ) (t /1 )t /0 )(T /0 )Y(T /0 )(T /0 )(T /0 )(T /o0 )(T /o )(t /o )
/S ) (t /0 )(t /0 ) (e- /0T )(e- /0T )(T /0 )(g /TT (T /1 YT /- )Yle- /g1 )
/v ) (t /0 )(t /0 ) (e- /1T )(e- /8 (T /T ) (g /3T )(t /0 ) (1- /8 )(e- /8 )
/b= ) (t /0 )T /T )1 /8 )Y(T /L YT /0 )(T /8= )(1 /0 )(T /9T )(1T /8 .)
A 6e ge Le ge fo ) e ce ze 1e

*3Tyoemab @3Tedsjoatrg sTe g a3Teds usgey aTs

jsne usyorTbeow usp zs3un X9pUTuUa3TedsjoATd USUTS TS uUSTY3EBM 23314
"@3TedsjoATq ayoTThboow 3sT ¢

‘@3Tedsj0ATg syoTThaoW 3IST B

1/2 = enu

*3ITysemsb arTezZ30AT4 STE ¢ @197 usagey aTs

isne usayorTbeow usp zsjun X9pPUTUSTTOZJ0ATd USUTS 3TS USTYaeLM 93314
* "9TT®230ATq ayoTTboow 3sT 2

‘9TT8z30ATd 9yoTTbeow 3sT T

/1=) (T /0 (T /0 )(T /0 )(T /0 )(T /0 )Y(T /o )(1 /0 )T /0 )(t /o0 )

/2 ) (t /Tt )(t /0 )(T /0 )(t /o )(T /o )(1 /0 )(t /o0 )(t /o )(T /0o
/T ) (t /0 )Y(t /0 )(8- /T ) (1- /T )(8= /L Y(1- /T M1 /1 (T /0 ) (1- /2
/T=) (1 /0 )(t /0 )bz /1T )(E /T )(8 /I-) (g f2= )t /0 Y(T /T )Y(E /1
/=) (t /0 )(v /1 )Y(e /2 )Y /s )(t /z )(e /8 Yt /0 )Y{t /JO0 D /8

A 6e ge Le 9e ge pe £e ze 1e.



*3Tysemab 93Teds3j0ATg sTe w 93Teds uaqey aTg
isne usydtTboow usp z3jun xsputus3lTeds3loaTd usUTS 9TS uaTySeM 331Tqg
"@3TedsjoaTg eyoTThoow 3sT T

1/2 = snu

"3ITyeemMdb B8TT9z30ATd STe g 9TTez uagey Chds
isne uayoTTboow usSp IBJUN XSPUTUSTIDZIOATJ usuTe® BTS uaTydem 3331y
*®TT82Z30ATd aydoTTboow 3sT 2

(t /1-) {1 71~ ) (T /0 )(t /0 )(T /0 )(t /0 )(T /0 )(T /0 )(T /0 )T /0 (T /o )

(t /1-) (t sz ) (T./t )(1t /0 )(T /0o (T /0 (T /0 )(T /0 )I(T /0 )(T /0 )(T /o

(€- /8 ) (€ /v ) (T /0 )(e- /1T ) (- /8 (T /T (T /0 )(T /0o )(T- /8 ) (g~ /8 )(g /91
(t /8 ) (t /o= ) (T /0 (1t /8 )(T /L Y(1 /0 )(T /1 )(T /0 YT /91 )(Tt /8 )(1 /8-
(E- /0T ) (€ /5 ) (t /0 )(g- /0T ) (e- /0T )(T /0 )(T /0 )(1 /T )T /L= )(€- /€T ) g /11

n A 6e ge Le ge ge pe ge ze Te

"ITysemab a3Teds3oaTd sTe 9 s3Teds usqey 91s

iSne usyoTTbsow usp rd9jun xspuTualTRdS3}OATJ USUTS 3TS uaTysem a3l3Td
‘@37eds30ATg ayoTThoow 3sST 9

*83TedsjoAaTd syoTTHoOW ST T

1/z = onw

"3Tysemab a1T9z30ATd STR £ @TTez usaqey 918

iSNe UaydTTbsow usp ISIUN XOPUTUSTISZIOATJ UauUT® 3TS UaTYseMm a33T1g
"STT®2Z30ATg @ydTTbsow 3sT ¢

. "®TTe9230ATqd 8yorTbosow 3sT 7

(t /1-) (r /1-) (t /0 Yt /0 Y(t /0 )(t /0 )Y(t /o )Y(t /o )(t /O VAH. /0 Y(t /0 )
)(t /0 )Y(1 /0 )
- (1t /1 Yt /0 D)Y(T /0o )(T /O Nﬁﬁ /0 )Y(t /0 )(1 /O 3
Mm “M W Mw “mn w (t /0 )Y(pz /T ) (g /T )(8 /1-3(1 /0 )Y(T /0 )(T /1 WMm “w WMM “m W
(¢ /8 ) (¢ /b= ) (t 0 JYIE v V(& /S Y(U Jz D)AT J1 Y&t JO DAL /O £ o ML
(- /1 ) Z /T ) (t /0 )Y(g- /1 )Y (1= /1 )(8- /L d(t /o )(t /T )X(T /O )(1- /C
n A (134 ge LE ge ge pe ge e Te



(T

(T
(T
(e-
(e-

(T

(t
(€
(1-
(€

/0T )

/8

(T

(T
LE
(Z
(9

/1= ) (t /0 )(t /0 )(t /o0 (T /O y(t /0 )t /0 (T /O y(tr /0 Y{(t /0 )

(1 /o0 Y(t /0 (1 /0 y(t /0 Y(t /0
(1 /8 (1t /9t )(1 /8 y(tr /8- )(1 /0O
(e- /0T ) (T /L= ){E- JeT )le /1T ){T J1
(¢- /11 ) (1- /8 ) (E- /8 ) /91 (T /0

/T ) (T /T /0 )Y(t /0 {1 /O

)
/=) (1 /0 W
)

/S ) (t /0
/v ) (t /0

A 6e ge Le ge ge pe - ge ze e

(1
(1T
(e- /0T )(t /0 )(1 /O
(- /8 (1t /1 )Yt /O

‘qTyoemab e@3Teds3joaTd sTe L @3Teds uaqey 31§

jsne usyotTbeow usp I83UN xoputua3jTeds3oaTd USUT® O9TS USTY3eM S33TH
*a237eds30ATd @uyoTTbeow 3sT L

‘237eds3joAaTg ayoTTbaow 3IsT 7

1/2 = °nu

*qTysemab 8TTOz30ATd STe T OTTaZ uaqey 31§

jsne uayoTThoow usp I9JUn XIPUTUSTTS2IOATJ USUTS ST USTYSEM 23114
*3TT2230AT4 oyoTTbaow 3IsT ¢

*9TT9230ATd ayoTTboow 3sT 1

ST ) (T /0 )(T /0 )(T /0 )(t /0 )Y{(t /o )( /0 )(t /o )(t /o )(T /O )

/2 ) (T /T )(t /0 )Y(1t /o )Y(T /0 (1 /0 )(T /0O )(T /O )(T /O Y(r /0o
/b= ) (T /0 Y(€ /S (1t /z (1 /1t )Yl /tz Y1 /0 )(e /8 )(E /8 Y{t /0
74 (T /0 )(1- /T )d(g- /L (1t /0 (- /1 Y(x /0 )(1-/2 )(1- /1 Y(T /1
/1=-) (T /0 )(€ /T (8 /1-)(1 /0 M{pz /1T )(1T /1 )l /1 ) g /2Z- Y(t /0

A 6e ge Le ge Ge pe ce ze 1®



00" T~

00°'1T-
00" ¢-
9v "L
9"t~

00°'T-

00°

00°T
EL t~
EL'T

00°0
00°T

ET®

00°0
00°0
00" E-
9" L
9% "€~

Z1e

00°'0
00°0
00°2¢-
9% 9
9v "e-

T1®

isne uayotlTbeow usp 133U

isne usyoTTboow uep IdDIUN XSPUTUSTTSZ3O

00°0
00°0
00°0
EL"C
A

OT®

00°0
00°0
00°T
00°0
0070

pe

00°0
00°0
00°0
00°T
00°0

ge

00°0
0070
00°¢-
EL'V
EL T-

Le

‘qTysemab 93Teds30ATd ST® € muﬁmmw usqey 91§

n xsputus3lTeds3lOATd USUTS TS USTYdEM 5331d

‘937eds3joAaTd 2ydTTbaocw 3IST §
*ajTeds3oatd oyotrTbaow 3IST €

00+300000000000000°C = W

+qTyoeMab STTo2z30ATd STe Z [Tz uaqey SIS

00°0
00°0
EL §~
P T1
9% "S-

ge

00°0
00°0
00°2-
9F " L
9% " v-

ge

00°0
00°0
EL°T
£€2'0-
0570~

Fe

00°0 0070
00°0 00°0
EL'C 00°0
g€L'€- 0070
002 00°T
£e - A

ATd UDUT® ©TS uaTysem 33374
*9TTe2z30ATd SyoTTbaow 3ST Z

00°0

000
EL -
97’ L
EL &~

:I1T xTpuaddy



00" 1~

00°T-
9v 'L

9" £
00°2-

1

00°1-

00" 1T~
9% '€
00°2-
PS° 0

00" 1~

00°2
EL E~
EL°T
00°'T

00" 1-
00°2
EL'T-
00°T
82°0-

A

00°0
00°T
0070
00°0
00°0

gEre

0070
00°'T
00°0
00°0
00°0

gT®e

00°0
00°0
9%°9
9p €~
00" 2-

Z¢le

AR

00°0
00°0
EL"Z
£EL™T=
00°0

11®

00°0

000

EL"T
- A
00°0-

TT®

00°0
00°0
00°0
00°0
00°T

Ot®e

isne usyoTrbeow usp z8juUNn

00°0
00°0
00°¢
EL" 0~
Lz’ 0-

Ote

0070
00°0
00'T
00°0
00°0

6B

00°0
00°0
00°'T
00°0
00°0

6e

0070
00°0
EL' D
I
00" ¢~

ge

00°0
00°0
EL'O
LZ0-
PG 0

ge

00°0
00°0
9% L
9p " €~
00°€-

B

] TF3TyseEmasb sj3TedsjoaTg sTe p o3r1eds uagqey a27T§
isne usyorrTbeow usp asjun xsputuejredsjoaTd uauts 9TS uaTy2em 3331qg
‘83Teds30ATq syotTTboow 3IsT ¢
*®3TedsjoaTd ayorTbaow ST P

00+300000000000000°2 = @nw

. "ITysemab aTT8Z30ATg STR £ aTTeg uaqey oIS
iSne usydTTboow usp I23UN XSPUTUSTTSZIOATJ USUTS 3TS uaTysem 333TH
"STTOZ30ATg ayoTTboow 3sT ¢

00°0
00°0
9v "L
9% "v-
00°2-

ge

00°0
00°0
00°0-
EL" 0~
EL™T

ge

00°0
00°0
0T €~
LL'T
EE"e

pe

00°0

00°0
00°0
00°T
00°0

00°0

00°0
Jr°L
EL e=
EL €~

00°0

00'0
0211
9F " G-
EL b=

:II ®seyq Iap nea[qelr

*3ITysemadb 83Tedsjoatrg sTe 93Teds u

i§Ne usydTTbsow usp 1e3jun xepurtua3zTedsioATq :McﬂmeﬂwacwmsmMMMMpwmm
syoTTboow 3IST TT
aysTTbaow 3sT (7
ayortbeow 3sT g

ayotTbeaow 3sT B

00°0
00°0
9%°'T
LZ T-
08°0

Le

*83Tedsjoatg

*@3TedsjoAaTg
*@37eds30ATg

*@37eds3o0ATg

00+300000000000000°Z = @nu

"ITydemMeb S9TT92Z30ATg STe [ oTT9Z usqey aTs

00°0
00'0
9% '€
0D E=
PGS0

9e

00°0
00°0
9v "€
00°¢-
9% " 0-

ge

XOPUTUSTTS2Z30ATd USUTS STS USTYSBM 93]1TH

"OTTS8Z30ATg aydtTboow 3st ¢
"®TTI8Z30ATqd ayoTTboow 3IsT |

00°0
00°0
98'T
90°0
£9 0=

pe

00°0

00°0
00°0
00°T
00°0

00°0

00°0
00°0
00°0
00°T

00°0

00'0
EL'T
002~
LZ'1

{II oseyg I9p nesqel




00°T-

00" T~
ob"¢-
6L°0
19°t

00°T-

00°2
0Z't
82'¢C
6F°9-

A

00° T~

002
0Z't
0% 0-
8" 1~

00°0
00°

00°0
00°0
00°0

El®E

00°0
00°T
00°0
00°0
0070

g1®e

00°0
00°0
2
82 ' 1-
6b°g

cie

00°0
00°0
80°¢-
22’0
98°¢

Z1e

00°0
00°

00°0
00°T
00°0

I1®

00°0
00°0
88°0-
LT 0-
G0 ¢

11®e

00°0
00°0
00°0
00°0
00T

ote

00°0
00°0
00°0
00°0
00°T

ot®e

00°0 00°0
00°0 00°0
I2"€- 2¢r'9-
gz €~ 96°G-

6V "L L6'2T

6® ge

00°0 00°0 00°0
00°0 00°0 00°0
cE 0= g8'1l~ 0®' ¢~
LS 0 L6'0 6L°0
GL'O0 96°T 19°¢
6® ge LB

L o T N e el o T

000
00°0
eh 9-
98" b~
L6°TT

L®E

*aTyeemab a3TedsloAaTd sTe G @23Teds uagqey a1s
jsne uayoTTboow usp Iejun x8puUTUS3TedSJOAT4d USBUTS 9TS uaTysaem a331d
*93T7eds3oaTd ayoTTbsow 3IST ¢

00+300000000000000"¢ = =nu

*3TyoeMab BTT9Z0ATd ST T ©TT9Z usdqey aIs
isne usyoTTboow uUSpP I93UN XSPUTUSTTIZJOATJ USUTD BTG USTYaeMm 333Td
*39TT2230ATd @yoTTboow 3sT T

00°0
00°0
9€" 1~
61°T
91'T

ge

00°0
00°0
oL E
120
169~

ge

00°0
00°0
00°T
000
00°0

e

00°0 00°0
00°0 0070
80°6- <¢Z1°01-
GL'G- 9L'8-
T8°TIT 88761
ge Z®e

:II @seydq asp

00°0

00°0
L2 8-
62°6-
96 %1

neaTqel

*3Tyeemab 23Tedsjoatrg sTe [T @231edS uagey aTS
isne usayoTTboow usp I83uUn XSPUTUS3TEdSIOATd USUTd BTS USTYaeMm 833Td
*23T7eds3joaTd ayoTThoow 3sT 11
*23Teds3joATd syoTTbeoow 3IST 9
*93T7eds30ATg oyoTTbsow 3IsT ¢

00+200000000000000°Z = 0w

*3Tysemab 27T9z30AT4 STEB g ©TT®Z uagey 3TS
isne usayoTTbsow usp Isjun X3PUTUSTTIZIOATJ USUT® BTS uaTysem 233714

*9TT9Z30ATd SyoTTboow 3ST Z
* '9TT9Z3IO0ATd syoTTboow 3sT T

00°0
0C°0
o z-
12°0-
T9™E

ge

00°0
00°0
00°0
gL 0~
EL°T

Gge

00°0
00°0
00°'T
00°0
000

pE

00°0 00°0
00°0 00°0
00°0 ov-2-
00°T Z26°1
00°0 88°1T
£®e ¢e

:II °@seyd 1Isp

*3Tysemab 93T7eds30ATg sTe p a3Teds

00°0

nearqeyr,

usqey 1§



n A £1®e Z1®e 11® uLe 0= o= - e ——————

pp— T

12

isne uayorlbsow usp Isjun K@MUCHC@UHMNnHmumbﬂQ usurts 2TS5 ﬁm-.mﬂm:m._..; mu—n_.._n.m
*a3Teds3joaTd ayoTTboow 38T 9

00+300000000000000°¢ = =nu

*1TysemMab 9TT2Z30ATg STe Z ©[T3Z Uudgey aTsg
isne uayoTTboow usp I93UN XSPUTUSTTIZIOATJ USUTS BTS USTYIEM 333TH
) *@TT22z30ATd @yoTTbhaow 3sT 2

00°T- 00°T- 00°0 00°0 00°0 00°0 00°0 000 00°0 00°0 00°0 00°0 00°0 00°0 00°0

00"1T- 00°2 00°T 00°'0 00°0 00°0 00°0 00°0 00°0 00°0 00°'0 00°0 00°0 00°0 000
00°2- 00°T 00°0 00T 00°0 00°2- 00°€- 00°2- 000 EL'C 00°0 €L'E- EL'BP—- 00°C- EL'T
9v "L EL'E- 00°0 00°0 00°T EL' P 9% "L 9v*'9 EL'C EL'E- 00°0 69°L 02°TIT 9%°L 00°0
9p"E- EL'T 0070 00°0 00°0 gL T~ 9p'E~ DHPE~EL'T= 00°C 00°T 96°2- 9%°G- 9b°b- EL'O-

n A gTe Z1® 1T® oTe 6e ge  Le 9ge ge pe ge ze e

:II 9seyd Isp nearqel

*3Tyeemab a3TedsjoaTd sTe zZT @3Teds uaqey aTS
isne uayoTTboow usp I93jun X3puTUS3TRdSIOATd USUTS TS UdBTY3eM 3337Td
*a31eds3oaTg oyoTThoow 38T 71

*a3Teds3joaTg oyoTTboow 13IsT 9

*23Tedsy0ATg eyotTThboow 3IST T

00+300000000000000'¢ = =nu

*3Tysemab 9T1T19z10AT4 STB € OTT8Z uaqey aIs

isne usayoTTHOOW USP ISJUN XSPUTUSTTIZIOATJ USBUTD STS uaTysem 2331g
*8TT9Z0ATg ayoTTboow 3ST €

. "9TT9z30ATg ayotTbsow 3ST Z

00°T- 00°T- 00°0 00°0 00°0 00°0 00°0 00°0 o000 00°0 00°0 00°0 00°0 00°0 00°0

00°T- 00°2 00°T 00°0 00°0 00°0 00°0 00°0 o00°0 00°0 00°0 00°0 0070 00°0 00°0
¥S'0 LZ°0- 00°0 LZ°0- 000 ¥S°0 08°0 PGS0 00'0- €EL'0- 0070 00°T Le't FS°0 9%°0-
PE'E L9'1T- 00°0 902 00°'T 19°0 BZ'T pE'c €EL'Z 06°T 00°0 00°0 A" PE'E LG"E
88°1- ©¥6°0 00°0 6L°0- 00°0 ¥L'0~ 80°T~ 88 'T= EL°I~ LI®0- 00°7 0G°0 TL°T- 88°2- TI1°¢-

o s £1® ¢te I1®E 0T® 6® ge LE ge Ge Ve ge Ze

:II 9seyd Isp Nealqel



00° T~

00°T~-
9FP°L
9p "€~
00°2-

13

001~

00°T=-
9p°E
00°2-
¥S°0

001~

00°¢
EL'E-
EL'T
00°'T

00° T~
00°¢
£L T~
C0'T
Le'o-

A

0070
00°T
00°0
00°0
0o°o

£re

00°0
00°T
00°0
00°0
00°0

£1e

00°0
00°0
00°'T
0070
00°0

AR

00°0
00°0
00'T
00°0
00°0
Zle

00°0
00°0
EL" P
ELT=
00°2¢-

IT®

00°0
00°0
EL'O
L' 0-
PS°0

T1®

isne usyotrrbsow usp rs3jun

isne usyorTboow usp zxsjun

00°0
00°0
99" L
9" £
00'€~-

O0T®

i Sne usayorTbesow usp zsju

00°0
00°0
9% ' 1
Le' 1=
08°0

DHM

i Sne usayoTTbaow

00°0
00°0
9%'9
99 "t~
00°2-

6®e

00°0

00°0
9%'¢

00°2-

FS°0

6E

00°0 00°0
00°0 00°0
gLz 004D
EL"T- 00°0
00°0- 00°T

ge LE

00°0 000
00°0 00°0
EL*Z 0072
EL"T= EL"0~
00°0 LZ'0-

ge Le

"ITysemab e3jTedsjoatrq sTe T 93Teds uaqgey atg

X9puTUS3TedS3OATd USBUT® 91§ uUaTyoem 2331d

*93Teds3joAaTg syotbsouw 38T 7
"®3Teds30ATd eyoTTHoOw 3ST T

00+300000000000000°Z = °onuw

‘ITysemdb 8TT3z30ATg STe ¢ oTTaz usqey a71s

00°0
00°0
00°0
00°T
00°0

9e

00'0
00°0
9bv-°L
EL"Z~
EL"E-

Gge

XSPUTUSTTGZ]O0ATd USUTd TS USTYSEM 333Tq

"9TTS230ATqd ayorrbeow 3sT ¢

00°0
00°0
LG0T
EZ"G~-
EE b-

pe

000 00°0 00°0

00°0 00°0 00°0
AL 00°0- €L'€-
9v'b- EL'0- 00°'2
00~ ELYE EL*2

:I1 eseyq Isp nesTqegl

"3Tysemab s3Tedsjoarg mﬁm_n @23Teds usqey a1sg

0 X9putua3Teds3loATd uauUTe TS usaTyaem 2331H

*®@37eds30ATqg, ayotTboow 3sT £
*@3T7eds30ATg ayorTboow 3sT 7
"®@3Teds30aTg ayotiboow 3IsT T

00+300000000000000°Z = enu

"ITyseMa3b BTT®230ATg STe T oTT8Z uaqey aTS
iSNB USYDTTHoOW USP I33UN XSPUTUSTTSZJOATH UsuT® STS UITYaEM 3331H
"8TTaz30AT4 aydotTboow 3sT ¢
"OTT8Z30ATg ayoTTboow 3sT 1

00°0
00°0
00°0
00'0
00'T

ge

00°0
00°0
06°'T
90°2-
9T'1

re

00°0 00°0 00°0
00°0 00°0 00°0
9p° € 9% "€ £L°T
00"€- 00'2- 00°0-
¥S°0 9v°'0- €EL'0-

T e A ey e vy uoYyey oy

USp I23jun xeputusjTedsjoarq UaUT8 3TS uaTyaem a331g



00T~

00° T~
=l G S
00°2¢-
9L

14

00°T-

00" 1-
00°2-
¥S'0
9% "€

00°'T-
00°¢
EL'T
00°T
ELE-

A

00" 1~
00°2
00°T
Lz 0-
EL =

A

00°0
00°T
00°0
00°0
00°0

ET®

00°0
00°'T
00°0
00°'0
00°0

E1e

00°0
00°0
tL° T+
00" ¢~
EL'V

(AL

00°0
00°0
LZ'0-
AR
EL'O

(AR

00°0
00°0
9pE~
00" €~
9% "L

1Te

00°0
00°0
L' 1-
08°0
9%°'1

I1®e

bl e

=TT

JonTa STEe U oITeOS uUSgeq SYTE

isne usyotTbeocw usp I33un x9puTusiTedsS3lOATd USUTS STS USaTYSEM wuuwm
*@3Teds3oaTg syotTbaow 3sT €
*a237eds30ATd a2yotTboocw 3sT 7

000
00°0
9kt~
00°2-
9%’ 9

OT®e

isne

00°'0
00°0
00" 2-
bS°0
9r°2

Ote

00°0 00"
00°0 00°'
EL'T- 00°
00°0- 00°
EL"Z 00°

6® ge
uayotTbaocu

00°0
00°0
EL"T~
00°0
EL*E

6®

0

0
0
T
0

00°0
00'0
00°0
00'0
00°T

Le

00°0 00°0

00°0 00°0
EL°0- 0070
LZ'0- 000
00°2 00°'T

ge

Le

00+300000000000000° 2 = °onu

*3ITy2eMab 9TTeZI0AT4 STR T 9TT9Z usgey TS
isne uayoTTboow usp I9JUN XBPUTUSTTOZIOATJ USUT® STS USTYIBM 93319
*81T9z30ATg ayoTThoow 35T T

00°0
0070
EL &=
EL"E-
97 "L

ge

00°0
00°0
9y "5~
157 0
02°11

ge

00°0
00°0
00" k-
09T~
19°9

e

00°0 00°0
00°0 0070
EL'0- 00°C
ELYT £L°2
00°0- €EL'E-
ge ze

00°0
00'0
00°T
00°0
00°0

:II 9seyq Iap nealqel

‘3Tysemab ajredsjoatdg sTe g 93Teds uaqey a1s
usp I93un xapurtud3jTedsloaTd USUTS STS USTY3eM 933Td
*93TedsjoaTg ayotThbaow 3sT §
*937eds30ATg ayoTTbaow 3sT ¢
*@3Teds3oAaTgd ayorTbeow 3sT 7

00+300000000000000°2 = enu

"3ITySeMdb 9TTO2ZI0AT4 STR g STTOZ uaqey oIS8
isne usyoTTbeow usp I83UN XSPUTUSTTSZIOATJ USUT® SIS USTYSEM 233TH
"8TT22Z30ATdq ayoTTbocw 3sT 2
"3TT92Z30ATd 8yoTTbosow 3sT T

00°0
00°0
00°0
00°T
000

ge

00°0
00°0
£8°2Z-
€7°0
ov°t

pe

00°0 0070
00°0 0070
00°¢- 000
90 "0 E£L°0-
IF°E EL* T
£®e A

{II °@seyq Isp

00°0

000
00°T
00°0
00°0

nesTqer



00° T~

00°T-
00°¢-
9% L
gh-g=

15

00" T-

00" T-
¥G°0
9% "¢
00°"2-

00" 1~
00°2
00°T
EL"E~
EL°T

A

00" T-
00°¢
LZ 0~
EL T
00°T

A

00°0
00°T
00°0
00°0
00°0

g1e

00°0
00°T
00°0
00°0
00°0

g€Te

00°0
00°0
00° €~
9v° L
S tig=

Z1ie

00°0
00°0
08°0
9" 1
Le ' 1-

Z1e

00°0
00°0
00°2-
9%°9
9% €=

Te

00°0
00°0
¥G°0
9% "¢
00z~

T1®

ote

00°0
00°0
00°T
00°0
00°0

6e

00°0
00'0
00°0
00'T
00'0

ge

jsne usyor1bsou

00°0
00°0
00°0
EL" 2
gL 1=

ot®e

00°0
00°0
LZ'0-
002
EL 0~

6e

isne usyotrbeow usp zajun

00°0
00°0
00°0
00'T
00°0

ge

00°0
00°0
00" 2=
EL*F
EL 1=

Le

00°0
0070
PS°0
€EL'0
L& 0~

Le

00°0
00°0
ELb-
02'1T
9% "G-

9

00°0
00°0
00" 2-
9v 'L
9% " b-

ge

00°0
00°0
EL'T
€20~
0S°0-

e

00°0 00°0 00°0

00°0 00°0 00°0
EL"C 00°0 &L E-
EL'E~- 00°0 9%°L
00°2 00°'T 5 A Ay

{I] eseyq I9p nesarqel

‘3Tysemsb a3Tedsioatrg sTe g 23Tedg usqey SIS
jsne usayorTboow usp I23un xapuTus]TedS]OATd USUTS I9TS USTY3BM 83314
*23Teds30ATg oyoTTboow 38T §
*23T7eds30ATd 2yoTTboow 3IST
*@3Teds30ATg ayoTTboow 38T ¢

00+300000000000000°2 = =nu

*3Tysemab S9TT9Z310ATd STB € OTToZ uaqey SIS

00°0
00°0
LZ T
EL'T
00°2-

ge

00°0
00°0
AT
9% '€
00 &=

Gge

USp I2jUn XIPUTUSTTIZJOATJ USUTS OTS uaTyaem 911714

‘3TT9Z30ATg @yoTTbaow 3IST ¢
"9TT2z30ATg ayoTTbaow 3IST 2

00°0
00°0
9" 0-
£C°t
LL T~

pe

00°0 00°0 00°0

00°0 00°0 00°0

£L'0- 00°0 00°T
EL*T 00°0 00°0
00°0 00°T 00°0

:II @seyq Isp neafqel

I i Tt B B S B ]

XOpUTU®3TRdS]OATd USUTS ST USTUSEBM BI1TH



